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Abstract. We construct algebraically closed fields containing an algebraic closure of 
the field of power series in several variables over a characteristic zero field. Each of 
these fields depends on the choice of an Abhyankar valuation and are constructed via the 
Newton-Puiseux method. Then we study more carefully the case of monomial valuations 
and we give a result generalizing the Abhyankar-Jung Theorem for monic polynomials 
whose discriminant is weighted homogeneous. Essentially this result asserts that the 
Galois group of such a polynomial is isomorphic to the Galois group of one weighted 
homogeneous polynomial. 
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1. Introduction 

When k is an algebraically closed field of characteristic zero, we can always express the 
roots of a polynomial with coefficients in the field of power series over k, denoted by k((i)), 
as formal Laurent series in for some positive integer fc. This result was known by Newton 
(at least formally see |BK| p. 372) and had been rediscovered by Puiseux in the complex 
analytic case |Pul| . |Pu2) (see |BK) or |Cu| for a presentation of this result). A modern way 
to reformulate this fact is to say that an algebraic closure of k((t)) is the field of Puiseux 
power series P defined in the following way: 
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The proof of this resuU, cahed the Newton-Puiseux method, consists essentiahy in construct- 
ing the roots of a polynomial P{Z) G k|i|[Z] by successive approximations in a similar way 

to Newton method in numerical analysis. These approximations converge since k {^{^^^^ 
a complete field with respect to the Krull topology. 

This result, applied to a polynomial with coefficients in k|t] defining a germ of algebroid 
plane curve (X, 0), provides an uniformization of this germ, i.e. a parametrization of this 
germ. 

On the other hand this description of the algebraic closure of k((t)) describes very easily 
the Galois group of k((t)) — > P, since this one is generated by the multiplication of the 
fc-th roots of unity with for any positive integer k. In particular the conjugates of any 
convergent power series in Cjf'' } are also in Cj^fe}. 

When k is a characteristic zero field (not necessarily algebraically closed), we can prove in 
the same way that an algebraic closure of k((i)) is 

(1) p-UU^'(M)- 

k' fcsN 

where the first union runs over all finite field extensions k — > k'. 

It is tempting to find such a similar result for the algebraic closure of the field of power 
series in n variables, k((a;i, ...,Xn)), for n > 2. But it appears easily that the algebraic clo- 
sure of this field admits a really more complicated description and considering only power 

series depending on x!^,..., Xn is not sufficient. For instance it is easy to see that a root 
square of Xi + X2 can not be expressed as such a power series. 

Nevertheless there exist positive results in some specific cases, the more famous one being 
the Abhyankar-Jung theorem: 

Theorem (Abhyankar-Jung Theorem). // k is an algebraically closed field of characteris- 
tic zero, then any polynomial with coefficients in k|a;i, a;„], whose discriminant has the 
form ux"^^ ...x"" where u G k|a;i, a;„] is a unit and ai,..., q;„ G ^>o, has its roots in 

k^Xi , ...,Xn] for some positive integer k. 

Such a polynomial is called a quasi-ordinary polynomial and this theorem asserts that 
the roots of quasi-ordinary polynomials are Puiseux power series in several variables. This 
result has first being proven by Jung in the complex analytic case, then by Abhyankar in 
the general case ( [ Ju] , [Ab'). 

The understanding of the algebraic closure of k((a;i, ...,x„)) is motivated by the fact that 
it would provide an uniformization of any germ of algebroid hypersurface defined over k. 
In the general case, a naive approach involves the use of Newton-Puiseux theorem n times 
(i.e. the formula ([1]) for the algebraic closure of k((t))). For example in the case n = 2, this 
means that the algebraic closure of k((a;i, 2:2)) is included in 

/c2eNfeieN //\\ // 

But this field, which is algebraically closed, is very much larger than the algebraic closure 
of k((a;i, X2)) (see |Sa) for some thoughts about this). Moreover the action of the fci-th and 
A;2-th roots of unity are not sufficient to generate the Galois group of the algebraic closure 
since there exist elements of k((a;i))((2;2)) which are algebraic over k{{xi,X2)) but are not 
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in lk((a;i, X2)). For instance consider 

for some well chosen rational numbers G Q. « G Z>o. 

Nevertheless a deeper analysis of the Newton-Puiseux method leads to the fact that it is 
enough to consider the field of fraction of the ring of elements 

(/l,i2)GZ2 

for some ki, k2 ^ N whose support (i.e. Supp(/) :— {{hjh) S / ai^^^ 0}) is included 
in a rational strictly convex cone of (this result has been proven by MacDonald |,McD| - 
see also |Go| . |Aro| . |AI| . |SVj ). But once more, for any rational strictly convex cone of R^, 
denoted by cr, R?,q C ct, there exist elements whose support is in a but that are not algebraic 
over k((a;i, X2)). 

One of the main difficulties comes from the fact that k((a;i, ...,x„)) is not a complete field 
with respect to the topology induced by the maximal ideal of k|xi, a;„] (called the Krull 

topology; it is induced by the following norm ^ := e"'^'^'^^-'"™'^'-'^' for any /, g £ k|a;i, a;„], 

5 7^ 0, where ord{f) is the order of the series / in the usual sense). Indeed, in order to apply 
the Newton-Puiseux method we have to work with a complete field (or a complete local 
ring) since the roots are constructed by successive approximations. A very natural idea is to 
replace k((a;i, x„)) by its completion. But choosing the Krull topology is arbitrary and we 
may choose any other norm (or valuation) on this field. On the other hand the completion 
of k((a;i, Xn)) is not algebraic over k((a;i , a;„)), thus the fields we construct in this way 
are bigger than the algebraic closure of k((a;i, a;„)). In fact we need to replace the comple- 
tion of k((a;i , Xn)) by its henselization in the completion. The problem is that there is no 
criterion for distinguish elements of the henselization from others elements of the completion. 

The aim of this work is to investigate the use of the Newton-Puiseux method with respect 
to "tame" valuations (i.e. replace k((a;i, x„)) by its completion for this valuation). By a 
"tame" valuation we mean a rank one (or real valued) valuation that satisfies the equality in 
the Abhyankar inequality (see Definition 12. ip . These valuations are called Abhyankar valua- 
tions (cf. ^ELSJ) or quasi- monomial valuations (cf. [FJ ) and, essentially, these are monomial 
valuations after some sequence of blowing-ups. This is the first part of this work. If v is 
such a valuation, we denote by IK,y the completion of k((xi, x„)) for the topology induced 
by this valuation. This field will takes the role of k((i)) in the classical Newton-Puiseux 
method. Then we have to define the elements that will take the role of . This is where the 
first difficulty appears, since instead of working over Kj/, we need to work over the graded 
ring associated to v. Both are isomorphic but there is no canonical isomorphism between 
them. In the case of k((f)), such an isomorphism is defined by identifying the k- vector space 
of homogeneous elements of degree i of the graded ring with the k- vectors space of homo- 
geneous polynomials of degree i, i.e. h.f^ . But this identification depends on the choice of 
an uniformizer of kp|. In the case of k((xi, ...,a;„)) an isomorphism will be determined by 
the choice of "coordinates" such that the valuation v is monomial in these coordinates (cf. 
Remark 13. ip . Nevertheless when such an isomorphism is chosen, we are able to define the 
elements that will take the role of , this the aim of Section [3] These elements are called 
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homogeneous elements with respect to v (cf . Definitions 13.121 and I3.14p . These are defined 
as being tlie roots of quasi-fiomogeneous polynomials with coefficients in the graded ring of 
k|xi,...,x„| for the valuation v. If k is the field of complex numbers and the weights of 
the monomial valuations are positive integers, we can see these homogeneous elements as 
weighted homogeneous algebraic (multivalued) functions. In fact we can replace IKj^ by a 
smaller field, the subfield of whose elements have support included in a finitely gener- 
ated semi-group of R>o- Let us remark that this field is similar to the field of generalized 
power series UrC((t'")) where the sum runs over all finitely generated semigroups F of K>o 
(see |Ri| for instance). Our first result is that the inductive limit of the extensions of Kj^ 
by homogeneous elements with respect to v is algebraically closed (see Theorem 14. 2p . This 
field is lim Ki,[7i, 7s] where the limit runs over all subsets {71, 7^} of homogeneous 

elements with respect to v and is denoted by Kj,. The field extension k((a;i, a;„)) — > 
factors through the field extension k((a;i, a;„)) — !• K^. While the Galois group of the 
field extension Kj^ — > is easily described by the Galois group of weighted homogeneous 
polynomials, the Galois group of the algebraic closure of k((a;i, a;„)) in is more com- 
plicated. So it is very natural to study irreducible polynomials over k((a;i, a;„)) which 
remain irreducible over Ki., since their Galois group will be described by the Galois group 
of weighted homogeneous polynomials. Proposition 14.111 shows that this property is an open 
property with respect to the Krull topology. 

Then we investigate more deeply the particular case of monomial valuations. In Section 
[51 using an idea of Tougeron |To) based on a work of Gabrielov |Ga| . for any monomial 
valuation v we construct a field, smaller than the ones constructed previously using the 
Newton-Puiseux method, and containing an algebraic closure of k((a;i, ...,x„)). The tool we 
use here is an effective version of the Implicit Function Theorem (see Proposition [5?5]). The 
elements we need to consider are of the form 

where and b are weighted homogeneous polynomial for the weights corresponding to the 
monomial valuation considered, A is a finitely sub-semigroup of M>o, v ( ^ °^ ) ~ i for all 
i € A and i 1 — > m{i) is bounded by a an affine function. In the case the weights are Q- 
linearly independent we recover the result of MacDonald (see Theorem 16. 9p . 
In Section [7] we make a topological and complex analytical study of polynomials with coef- 
ficients in C{xi, whose discriminant is weighted homogeneous. This study has been 
inspired by the work of Tougeron in [To| and more particularly by Remarque 2.7 of [To| where 
it is noticed that elements of the form ^ define analytic functions on an open domain of 
C" which is the complement of some hornshaped neighborhood of {5 = 0} (see Definition 
17. ip . This study is possible in the case of monomial valuations whose weights are positive 
integers. To obtain the same results in the case of general monomial valuations we need to 
approximate general monomial valuations by divisorial monomial valuations, i.e. monomial 
valuations whose weights are positive integers. This is the subject of Section [S] 
One of the results we obtain in Section [7] is the following generalization of Abhyankar- Jung 
Theorem for polynomials whose discriminant is weighted homogeneous : 

Theorem. 17.^1 Let k be a field of characteristic zero, a G ]R"q and let P{Z) S k|x][Z] be 
a monic polynomial such that its discriminant is equal to 6u where S G k[x] is a weighted 
homogeneous polynomial for the weights a\,..., an and u G k|x]l is a unit. Let us set 
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N :— dim(Q{Qai + • • • + Qa„). Then there exist 71,..., 7a' integral homogeneous elements 
with respect to Va and a weighted homogeneous polynomial for the weights ai,..., a„ denoted 
by c(x) g k[x] such that the roots of P{Z) are in ^^^k'[x| [71, 77v] where k — > k' is a 
finite field extension. 

Indeed, in the case N = n, i.e. ai,.., an are Q-hnearly independent, the only weighted 
homogeneous polynomials are the monomials and the integral homogeneous elements with 
respect to i/q, are of the form where f3 G Q"q (see Remark |3.15[) . Abhyankar-Jung Theo- 
rem simply asserts that we may choose c(x) = 1 in this case (see Corollary 17. 9p . 
This result (along with Theorem I7.5|) shows that the Galois group of a monic polynomial 
with coefficients in k[a;i, whose discriminant is weighted homogeneous is isomorphic 

to the Galois groups of one weighted homogeneous polynomial (see Remark l7.6p . 

Finally in Section [5] we give a result of Diophantine approximation (it is just an easy gen- 
eralization of jRol| and [III) ^^^^ gives a necessary condition for an element of K^, to be 
algebraic over k((a;i, a;„)). 

At the end we give a list of notations for the convenience of the reader. 

Let us mention that this work has been motivated by the understanding of the paper [To] 
of Tougeron where the study we make for monomial valuations is made in the case of the 
(2:1, a:„)-adic valuation of k((a;i, a;„)). 

I would like to thank Guy Casale and Adam Parusihski for their answers to my questions 
regarding the proofs of Lemma 17.41 and Lemma 17.21 respectively. 

2. Notations 

Let N denote the set of positive integers and Z>o the set of non-negative integers. Let x 
denote the multi- variable (xi, ...,x„) where n> 2. We set J'n '■= k|x]] = k[[a:i, x„] where 
k is a field of characteristic zero and we denote by K„ its fraction field and by m its maximal 
ideal. A valuation on J-"„ is a function v : J-* — > F^ , where F is an ordered subgroup of M 
and F+ := F n K>o, such that v(fg) ~ v{f) + v{g) and v{f + g) > min{i^(/), i'{g)} for any 
f,gE Tn- We will also impose that z/(k*) — and v(fS) — 00 where 00 > i for any i G F. 
The valuation v extends to K„ by v := j/(/) — i^{g) for any /, <? G Tn, 5 7^ 0. We will 
always assume that v : K„ — > F is surjective. In this case F is called the value group of v. 
Let us denote by Vi, the valuation ring of v. 

K 1^ / K/)>'^(.9)}- 

Let us denote by its completion. Then Vi, is an equicharacteristic complete valuation ring 
and its residue field is ky := 

In this paper we will only consider a particular case of valuations, called Abhyankar valua- 
tions: 

Definition 2.1. A valuation 1/ is called an Abhyankar valuation if the following properties 
hold: 

i) For any / G Tn, v{f) > if and only if / G m. 

ii) tr.degjjkj, -I- dimQF (g)z Q = n ( Abhyankar 's Equality). 
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Remark 2.2. If diiUQF Q = 1, then F ~ Z. Otherwise F is a dense subgroup of M. 
Example 2.3. The first example is the m-adic valuation denoted by ord and defined by 

ord(/) max{n G N / / G m"} V/ E J"„\{0}- 
In this case its value group F is equal to Z. 

Example 2.4. Let a :— (ai, ...,q:„) G (R>o)"- Let us denote by i/a the monomial valuation 
defined by Va{xi) := m for \ < i < n. For instance V[i^,,,^i) = ord. 
Here we have F — "Lai ® • • • ® Za„. 

Example 2.5. If F is isomorphic to Z and v is an Abhyankar valuation, then is a 
divisorial valuation. For such valuation there exists a proper birational dominant map tt : 
X — >■ Spec(J>i) and E an irreducible component of exceptional locus of tt such that v is 
the composition of tt* with the Tn_B-adic valuation of the ring Ox,e- 

Remark 2.6. By Proposition 2.8 [ELS| . for any Abhyankar valuation v there exists a proper 
birational dominant map tt : X — > Spec(J-n), a point p in the exceptional locus of tt (not 
necessarily closed) and a regular system of parameters zi,..., Zr of the local ring of X at p 
and a S K>oj such that v is the composition of tt* with the monomial valuation /io, at p 
in the coordinates zi,..., Zr of weights ai,..., a^. In the case n = 2 p is a closed point (see 
Proposition 6.38 [FJj V In any case the completion of Ox,p is a ring of formal power series 
over the residue field of v on X: Ox,p — Zr\ where k — > L is a field extension of 

transcendence degree n — r (here L = ^^)- Since tt is birational then K„ = ¥y&c{Ox,p) 
and since /i^ o = then tt* induces an isomorphism (p : V^, — > . Thus tt* induces an 
isomorphism Vi, — > V^^ . 

Remark 2.7. If rt = 2, in fact any discrete valuation (i.e. F = Z) satisfying Property i) of 
Definition 12. II is an Abhyankar valuation |HOV| . 

Example 2.8. Let be a monomial valuation as before. Any power series g G Tn can be 
written g — gi where gi is a weighted homogeneous polynomial of degree i G F+ if Xj has 
weight aj. Moreover the set of indices i G F+ such that 7^ is a well-ordered set. Let us 
denote by iq the least i G F"^ such that gi ^ 0. Then we can write formally 



9 = 9io 



1 + E- 



and this equality is satisfied in Vv^. Now if / G Tn-, 7^ and ;/(/) > v{g) we can write 



where / — with fi is a weighted homogeneous polynomial of degree i G F"*" if Xj has 

weight aj. 

Thus any element of V^^ is of the form X]i>o b'(xj '^^^'"^ o,i (^) ^^'^ (^) quasi- homogeneous 
polynomials if Xj has weight aj and i>a ( ) ~ * ^^r any i G M. Moreover the set of ele- 



ments of this form is exactly V^^ 
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Let us denote by IKj/ the fraction field of Vu. The valuation v defines an ultrametric norm 
on K^, denoted by | defined by 

/ 



V/e J-„,ffe J-„\{0}. 



Then is the completion of K„ for the topology induced by this norm and this norm (thus 
the valuation ly) extends canonically on K^. We shall also denote this extension by i/. 

Let us denote by Kf}^ the algebraic closure of K„ in K,y. We also denote by V^f'^ the 
ring of elements of Vi, which are algebraic over K„: Vj^'^ :— Kf^ n V,y. We have the following 
lemma: 

Lemma 2.9. The ring ^ is a vdludtion ring (associated to the valuation y) and K»'9 is 
its fraction field. Moreover — > VJ*'^ is the henselization ofVi, in V^- 

Proof If /, g e yj^is and v{f) > v{g), then ^ G K^'s n K. If / G Kf^, then there exists 

e N such that / e K^'« n K = V^^^ since v{x^)>Q. 
By construction the elements of the henselization of Vv are algebraic over Vu ■ On the other 
any element of which is algebraic over Vi, is in the Henselization of (see Corollary 1.2.1 

(^Hl). □ 

Thus we can summarize the situation with the following commutative diagram, where the 
bottom part corresponds to the quotient fields of rings of the upper part: 




3. Homogeneous elements with respect to an Abhyankar valuation 

Let A be an integral domain and lei v : A — > r+ be a valuation where F is a subgroup 
of M. We have Gr^A = 0^^^+ where p,,, := {/ G A/ u^f) > i} and p+, := {/ G 

A I v{f) > ^}. 

Remark 3.1. Let us consider a monomial valuation i/, let us say ly :— ly^ where a G R"o- 
In this case is isomorphic to the k-vector space of rational fractions where a(x) and 

6(x) are quasi-homogeneous polynomials if Xj has weight aj and i^a {j^^^ = Thus, by 
Example 12.81 Gi,,V,, and Vi, are k-isomorphic. 

Let us now consider a general Abhyankar valuation v. By Remark 1 2. 6 1 there exists a proper 
birational dominant map tt : X — > Spec(J>i), a point p in the exceptional locus of tt 
and a regular system of parameter of Ox,p, zi,---, Zr, such that ly is the composition of 
TT, with a monomial valuation fj, at p in the coordinates zi,..., Zr- The valuation fi is de- 
fined on Ox,p and let us denote by /t the corresponding monomial valuation defined on 
Ox,p — ^izi, Zr]. By Remark[5?ni tt induces an isomorphism ~Vfi. Moreover = Vp 
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and Gri/Vjy = Gt^Ox,p = Gr^Ox.p- Thus Gti,Vi, and V^, are k-isomorphic by the monomial 
case. 

Thus we see that the choice of a proper birational map tt as in Remark 12.61 gives an isomor- 
phism between Gti^V^ and Vi,. A different choice of n and zi,..., Zr gives an other isomorphism 
between these two rings. 

Remark 3.2. The ring Gti^Vi, is isomorphic to the ring of generahzed power series Ik,y|<'"^J 
where i is a single variable. 

Remark 3.3. The elements of Gr^Vi, are the elements of the form J2ieA where G for 

alH € A where A is either a finite set, either a countable subset of M>o with no accumulation 
point. 

Definition 3.4. Let r+ be a sub-semigroup of R>o. A -graded ring is a ring A that has 
a direct sum decomposition, A — ®jgp+ Ai, such that AiAj C Ai-^-j for any i, j G r+. 
The completion of A is the set of elements that are written as a series X^ieA '^i where A C F"*" 
is either a finite set, either a countable subset of M>o with no accumulation point, and ai € Ai 
for any i E A. The completion of A is denoted by A or 0,-gp+ A^. 
A complete (T^-) graded ring is the completion of a (r+-)graded ring. 

Remark 3.5. Let A be a complete graded ring. If Aq is a field then A is a local ring and 
its maximal ideal is m := ®j>Q Ai. 

For any a E A we can write a — X]ier+ where a,; G Ai for any i. If a 7^ let us 
set i/(a) := inf{i G F+ j ai ^ 0}. Set z^(0) = 00. Then v is an order function, i.e. 
v(a\)) > i/(a) -|- v(b) and iy{a + b) > mm{i>{a), v(b)}. Moreover u is a, valuation if and only if 
A is an integral domain. The order function v is called the order function of A. 

Example 3.6. The rings Gr,yJ^„ and Gr^V^, are F+-graded rings and Gr^Tn and Gr^Vy 
are complete F+-graded rings. 

Definition 3.7. Let A = ® jgr+^« ^ complete F+-graded ring. Let a G A, a — J2ier+ 
ai G Ai for any i. The support of a is the subset / of F+ defined by i G / if and only if 
ai 0. We denote this set / by Supp(a). 

Definition 3.8. Let us fix a k-isomorphism (p between Gr^Vi, and Vi, as in Remark 13.11 
Let a G Vjy and let us write ip{a) = X]ier+ with G yr^- The i/-support with respect to 

(/5 of a is the subset of F+ defined as 

SupPt,^y(a) := {i G F+ / a, 7^ 0}. 

When the isomorphism is clear from the context we will skip the mention of (p and denote 
the j/-support of a by Suppj^(a). 

Proposition 3.9. Let v be an Abhyankar valuation and ip a "k-isomorphism between GruVi, 
and Vu as in Remark \ 3.1\ . Then there exists a finitely generated sub-semigroup 0/ ]R>o, 
denoted by A, such that the v-support of any element of Tn with respect to (p is included in 
A. 

Proof. By Remark l2.61 we may assume that is a monomial valuation. Thus the proposition 
comes from the following lemma: □ 

Lemma 3.10. Let T, be a strictly convex rational cone o/K". Let a G M"g such that 
(a,/3) > for any /3 G E, /3 7^ 0. Then there exists a finitely generated subgroup o/M>o, 
denoted by A, such that Supp^^{f) C A for any f G k[a;^,/3 G S n Z"]. 
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Proof. By Gordan Lemma, E n Z" is a finitely generated semigroup, let say E n is 
generated by iti,..., Uk- Let us denote Vi := {a, Ui), 1 < i < k. Since any element of E H Z" 
is a N-linear combination of ui,..., Uk, then {a, (3) is a N-linear combination of ri,..., for 
any (3 € E n Z". Let us denote by A the semigroup of R>o generated by ri,..., r^. Then 
Supp,J/)cA. □ 

From now on we will fix a k-isomorphism ip between Gi,yVi, and Vi, induced by a proper 
birational map tt as in Remark 1 3 . 1 1 and we will skip the mention of it in the following. There 
are several reasons for that. The first one is that we are interested by effective results on the 
algebraic elements over J^ni thus we are interested by valuations which are given effectively 
and this will be the case essentially through a map tt as in Remark 12.61 In particular we 
will investigate more deeply the case of monomial valuations and, in this case, the set of 
variables xi,..., x„ will be fixed from the beginning, thus tp is quite natural in this case. 
The last reason is that we will give properties on the z^-support of algebraic elements, and 
Proposition 13.91 will allows us to consider only elements whose i^-support is included in a 
finitely generated sub-semigroup of M>o, and this fact does not depends on cp. 

Definition 3.11. We will denote by Vj^ the subset of Vi, of elements whose i^-support is 
included in a finitely generated sub-semigroup of M>o (when we identify Vi, and Gr^Vi, via 
ip). It is straightforward to check that Vj^ is a valuation ring. We denote by K[s its fraction 
field. 

Definition 3.12. Let A be a complete F-graded domain and let be its order function 
(which is a valuation). Let d e ^F. A homogeneous element with respect to v, is an element 
7 of a finite extension of A, such that its minimal polynomial Q{Z) is irreducible in A[Z] 
and has the following form: 

where gk € Adk for 1 < fc < q. In this case the degree of 7 is d. 

Example 3.13. Let a e W^q such that dimQ(Qai H 1- (Q)a„) = n. Then 

F ~ Zai + • ■ ■ + Zan 
and for any i G F there exists a unique ...,/3i^„) G Z" such that 

i = ^ ^ f3i,nOin- 

Thus if i G F+ this means that is the one dimensional k-vector space generated by 

Thus if gk G ^^^^ for ^ < k < q, then 

Zi + giZ^-^ + ...+gg^ x{'^-\.Jn''^'- {T" + g[T^-^ + ■ ■ ■ + f/y) 

where Z = xl''-\..xt'^T and g[,..., g'^ G k^. Here /3^dj € Z for any j but I3d,j = 
may not be an integer. Since k^, is an algebraic field extension of k, then the roots of 
T'' -f- g[T'^^^ + ■ ■ ■ + 5g a-re algebraic over k. Thus homogeneous elements with respect to ly^ 
are of the form cx^ where c is algebraic over k and /3 G Q" with (a, (3) := ai(3i + - ■ ■ a„/3„ > 0. 

Definition 3.14. Let A — Gr^Vi, and 7 be a homogeneous element with respect to v. 
Let Q{Z) be its minimal polynomial: Q{Z) = Z^ + giZ"^-^ H h 5, with gk G for 

1 < k < q. We say that 7 is an integral homogeneous element with respect to v if gk is the 
image of an element of Tn H ^v^dk for all fc. 
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Example 3.15. Let a E M"q such that dimQ(Qai + • • • + Qa„) = n and let us keep 
the notations of Example 13.131 Then 7 is an integral homogeneous element with respect to 
i^a if gk G '^"'"'''4°''"° for 1 < fc < q. This means that (3qdj € N for all j. Thus integral 

homogeneous elements with respect to Va are of the form cx^ where c is algebraic over k 
and /3 e Q5o. 

Example 3.16. Let v be an Abhyankar valuation and let assume that k is not algebraically 
closed. Let c be in the algebraic closure of k, c ^ k. Then c is a root of a polynomial 
equation with coefficients in k and since k is a subfield of k,y , this shows that c is an integral 
homogeneous element of degree with respect to v. 

Remark 3.17. Let v be an Abhyankar valuation and let 7 be a homogeneous element of 
degree d with respect to i^. Let us denote by Q{Z) its minimal polynomial, say 

Q{Z) = Z'^ + giZ'^-^ + ■ ■ ■ + gg 

where Ofc € ^-^a.dk for 1 < fc < q. Each gk is the image in Gt^V,^ of some fraction ^ where 

fk, hk G Tn- Let h :— hi...hk, let m{h) be the image of h in Gr^Vi, and set 7' :— in(ft,)7. 
Then 7' is a homogeneous element annihilating Z'' + g'lZ"^^^ + ' ' ' + 9q where g[. is the image 
of gkh'' in Gr^V^, thus it is an integral homogeneous element with respect to v. 

Definition 3.18. Let v be an Abhyankar valuation of P{Zi, Z„i) G V,y[Zi, Z„i] 
and d := {di,...,d„i) e IR™o- One says that P{Zi, Z„i) is (z/, d)-homogeneous of degree 
d G R if for any monomial ^Z^^-.Z^"" of P{Z) one has g g with k+aidi + - ■ ■ amdm = d. 

In particular if a G IE^>0' '^^ ^^^^ Pi^) ^ "^M (Q;)-homogeneous if is a weighted 
homogeneous polynomial when the weight of Xi is at. 

Remark 3.19. Let be an Abhyankar valuation of J-n- Let 7 be a homogeneous element 
of degree d with respect to v. Let us denote by P{Z) its minimal monic polynomial. Then 
P{Z) is {i/, (i)-homogeneous. 

Conversely if P{Z) e Viy[Z] satisfies P(7) = and if P{Z) is (z^, (i)-homogeneous, then the 
divisors of P in V^[Z] are also (z/, (i)-homogeneous, thus the minimal polynomial of 7 is 
{v, d) -homogeneous. Hence 7 is a homogeneous element of degree d with respect to v. 

Lemma 3.20. Let 71 and 72 be two homogeneous elements of degree di and d2 respectively 
with respect to the valuation v and let k Eli. Then 

i) 7^ is homogeneous of degree kdi , 

ii) if eidi = 62^2 with 61,62 G N, then 7^^ +72^ is homogeneous of degree did, 

iii) 7172 is homogeneous of degree did2. 

Proof. If 7 is homogeneous of degree d £ Q, then 7*^, fc g N, is homogeneous of degree kd. 
Indeed a polynomial having 7^^ as a root is Q{Z) ■.=Kesx{P{X), Z — X^) where P is the 
minimal monic polynomial of 7 over k(x). But P{X) is (z/, (i)-homogeneous and Z — X^ 
is (?/, d, fcd)-homogeneous. Thus Q{Z) is (z^, d, fcd)-homogeneous, hence (z/, fcd)-homogeneous 
since it does not depend on X. This proves that 7'^' is homogeneous of degree kd. 
In order to show ii) we may assume, from i), that 71 and 72 are homogeneous of same weight 
d — 6idi = 62d2. Let us denote by Pi{Z) and P2{Z) the minimal monic polynomials of 
71 and 72 respectively. Then Q{Z) •.=Kesx{Pi{Z — X),P2{X)) is (z^, d, d)-homogeneous, 
thus (z^, d)-homogeneous since it does not depend on X. Since (5(71 + 72) = 0, 71 + 72 is 
homogeneous of degree d. 
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In order to show iii), let us denote by Pi{X) the minnTial monic polynomial of 71 (this is 
a (^', di )-homogeneous polynomial) and P2{Z) the minimal monic polynomial of 72 ((2^,(^2)- 
homogeneous ) . Let us denote by k the degree of Pi {Z) let us denote Y) := X^Pi {Y/X). 
Then 7172 is a root of Q{Z) :^Resx{R{X, Z), P2{X)). Moreover R{X,Z) is (i/, ^2, ^1^2)- 
homogeneous. Thus Q{Z) is di(i2)-homogeneous, which proves that 7172 is homogeneous 
of degree c?id2. □ 

Lemma 3.21. Let P{T, Z) G [T, Z\ he a {y, di, 6,2) -homogeneous polynomial and let 71 he 
a homogeneous element of degree di with respect to v. If an element 72 helonging to a finite 
extension o/k(x) satisfies -P(7i,72) = 0, then ^2 is a homogeneous element of degree d2 with 
respect to v. 

Proof. Let Q{T) e Vi,\T] be a (z^, (ii)-homogeneous polynomial such that (3(71) = 0. Let us 
denote R{Z) =KesT{P{T, Z),Q{T)). Then R{Z) is a (z/, (i2)-tiomogeneous polynomial such 
that i?(72) =0. This proves the result. □ 

Remark 3.22. Let A be a complete F-graded integral domain and let i' be its order valua- 
tion. Let Q{Z) be an irreducible polynomial in A[Z] having the following form: 

where gk G Adk for 1 < fc < g and d G ^r+. The ring B := ^(g^'^))^' is an integral domain 
and v extends to a valuation of this ring by defining I'iZ) :— d and 

OiZt := mi{v{ai) + i}. 
J ' 

Then _B is a complete ^F-graded domain, since B is the completion of ©^^p ©^io^^^^''^ A.^djZK 

Definition 3.23. We denote this ring by ^[7]. By induction we can define yl[7i, 7s] 
where 7^+1 is a homogeneous element over ^[71, 7,] for 1 < i < s. When A — Vi,, V^f'^ 
or Vjs, we denote by yl[(7i, 7^)] the valuation ring associated to the order valuation of 
A[7i, ...,7s]. In this case the elements of j4[(7i, ...,7^)] are the elements which are finite sum 
of terms of the form 67^^.. 7^= where b G Frac(yl) and > — OiJ^(7i) + • • • + js'^i'^s))- 

Definition 3.24. If z/ is an Abhyankar valuation we denote by := lini V^[(7i, 7s)] 

71 7s 

the direct limit over all subsets {71, ....,7s} of homogeneous elements with respect to and 
by Ki, its fraction field. By Remark 13.171 we may restrict the limit over the subsets of integral 
homogeneous elements. 

In the same way we define lim Vjs[(7i, 7s)], := lim V^^^[{'^i, ...,'^s)], 

71, ■■■,7s 71 7s 

the limits being taken over all subsets {71, ....,7s} of (integral) homogeneous elements with 
respect to p, and we denote by K^f and K^'^ their fraction fields. 

The following result gives a bound on the number of homogeneous elements we need to 
consider: 

Proposition 3.25. Let v he an Ahhyankar valuation on J-n and let F denote its value group. 
Set N := dimQT ®z Q and let ji,..., 7s he homogeneous elements with respect to v. Then 
there exist homogeneous elements 7^,..., 7^ with respect to v such that Vl.[(7i, 7s)] = 
y.[(7;,...,7jv)]. 
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This equality remains true if we replace Vu by V^f or V/^ and if we consider integral homo- 
geneous elements. 

Proof. We will prove this proposition by induction on s. Let 71,..., 7Ar+i be non-zero ho- 
mogeneous elements with respect to v. Let di be the degree of 7^, for 1 < i < -I- 1. By 
assumption on N the d.^'s are Q-linearly dependent. Thus, after a permutation of the iji's, 
there exists an integer r, s > N, pi E Z>o, Qi E I < i < N + I, such that 

(3j — di H 1 ds = ds+i H 1 rfjv+i- 

9i qs+i Qn+i 

1 

Set ri := p^---p«+^ for 1 < i < + 1. Let us denote 7^' := 7/'''' . Then we have 

V^[{li,...,-lN+i)] C K[(7j,...,7^v+i)]. 

By ([3]) and Lemma [3.201 ^[...^'^ and 7^+1. ..7^^]^ are homogeneous elements of same degree. 
By the Primitive Element Theorem, there exists c € k such that 

K'^)[ii-is,is+i-iN+i\ = K'^)[ii-is + cis+i-iN+i]^ 

and moreover 7 :— ^[...^'^ + c^'g_f_i...^'j^j^^ is a homogeneous element with respect to v of 
same degree as 7(...7^ and 7^+i...7;,+i. Since k(x)[7(, ...,7^] = k(x)[7;, 7^_i, 7^ ...7^] and 
K^)[is+i,-,iN+i] = t(x)[7s+i, •■ -,7^,7^+1 -Tw+i]' we have 

77v+i] = k(x)[7; , 7s-i, 7s+i> •••> 77V, 7]- 
Thus 7g is a finite sum of products of elements ai(x) G k(x) and powers of 7^,..., 7s_i, 
7s+i,---, 7Ar; 7 ^^"^ tiy homogeneity we may assume that ai(x) are (z^)-homogeneous. Thus 

K[(7^-,77v+i)] = K[(7^-,7^-i,7s+i'-'77v>7)]- 
This equality remains true if we replace Vi, by V^f's Qp yjg^ gy Remark 13.171 the result 
remains true for integral homogeneous elements. 

□ 

4. Newton method and algebraic closure of J"„ with respect to an 

Abhyankar valuation 

Lemma 4.1. Let {A,m) be a complete graded local ring. Let B he the subset of A whose 
elements are the elements of A whose support is included in a finitely generated sub-semigroup 
o/R>o. Then B is a Henselian local domain. 

Proof. Let us prove that _B is a ring: let 61 and 62 be two elements of B whose supports 
are included in Ai and A2 respectively. Thus we can write hi = X^jgA where hi,j is a 
homogeneous element of degree j for any i — 1, 2 and j E Ai or A2. Let A be the finitely 
generated sub-semigroup of M>o generated by Ai and A2. Then Supp(5i-|-62) and Supp(6i52) 
are included in A. This proves that B is a ring. Since i? C ^, B is a domain. 
It is clear that m fl B is an ideal of B. If 6 G -B\(m n B), then there exists a E A such that 
ah = 1. Let us write h = X^ieA ^« where hi is homogeneous of degree i and A is a finitely 
generated sub-semigroup of R>o. Since b ^ m, then bo 7^ 0. In this case we have 

-1 / \ k 




fc=i \jeA\{o} 

Thus Supp(a) C A. This proves that _B is a local ring with maximal ideal m H -B. 

Now let P\z) E B[Z\ such that P(0) G m n B and P'(0) ^ m. We denote by v the 
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order function of A, i.e. ii a Cz A, a =/= 0, a = ai where ai is homogeneous of degree i, 
i^(a) := inf{i / ai ^ 0} and the initial term of a is in(a) :— a^(^a)- Since A is a complete 
local ring, it is a Henselian local ring and there exists a E m such that P{a) — 0. We can 
construct a by using the fact that 

(4) P{Z)^P{0) + P'{0)Z + Q{Z)Z'^ 

where Q{Z) E B[Z]. Indeed, let A be a finitely generated sub-semigroup of M>o containing 
the supports of all the coefHcients of P{Z). In this case ai := in(a) = —j^^^pr^j^ is a 
homogeneous element of degree di G A, di > 0. If we set Pi{Z) := P{Z + ai), we see that 

KPi(0))-K^(ai))>di. 
Then we apply Equation (jlj to Pi{Z), using the fact that the coefficients of Pi{Z) have 
support included in A and P'{0) — PiiO)- Thus we see that in(a — oi) = — |"[p^>(ojj is a 
homogeneous element of degree c?2 € A, c?2 > rfi- We repeat this operation a countable 
number of times (since A is countable) in order to construct a and we see that Supp(a) C A. 

□ 

Now we can prove the following theorem: 

Theorem 4.2. Let k be a field of characteristic zero and v an Abhyankar valuation of J-n- 
Let N dim^^T (^^Q. Let P{Z) G y/»[(7i, ...,7a,)][Z] (resp. K[(7i, Tjv)]^ be a monic 
polynomial of degree d where 7j is a homogeneous element with respect to v for 1 < i < N . 
Then there exist integral homogeneous elements "f'l,-.-, 7^ such that the roots of P{Z) are in 

Proof Let us prove the case P(Z) e Vjs[(7i, ...,7Ar)][Z]. Let us write = Z'^ + aiZ'^-^ + 

■ ■ ■ + Od- By replacing Z hy Z — ^ai, we may assume that ai — 0. Let io be an integer such 
that 

^ °' < 2<i<d. 

Let 7 be a ip-root of ui^{aig), i.e. 7 is a homogeneous element such that 7'" = in^^ai^-,). By 
the definition of io ) for 2 < i < d we can write 

Oi = 7*a- 

with a- e Vjs[(7i, ...,7jv,7)], 2 < i < d. Then we have 

P{jZ) = j^Z'' + 7'^-2„2^''"' + --- + ad = l''{Z'' + a'^Z''-^ + • • • + a^) 

Let S{Z) := Z'^+a'^Z'^-'^+- ■ -+0'^ andlet be the image of 5'(Z) in Vfe[(7i, ...,7^,7)]/m = 
L where ki^ — L is finite and m is the maximal ideal of Vj^[ (71, 7s, 7)]. liS{Z) = {Z-\-aY 
where a S L, since oi = and char(L) — 0, this would imply a = 0. But S{Z) ^ Z'^ since 
its coefficient of Z'^~^° is non zero. Thus we can factor S{Z) = Si{Z)S2(Z) such that 
Si{Z) and S2{Z) are coprime monic polynomials in L[7'][Z] where 7' is algebraic over L, 
i.e. 7' is a homogeneous element of degree with respect to v. Since Vj^[(7i, 7Ar, 7, 7')] 
is a Henselian local ring by Lemma 14.11 by Hensel Lemma the polynomial S{Z) factors 
as S{Z) = Si{Z)S2iZ) where the images of Si{Z) and S2iZ) in Vfe[(7i, 7Ar, 7, 7')] are 
Si{Z) and S2{Z) and the i^-support of the coefficients of Si{Z) and S2{Z) are contained in 
a finitely generated semigroup of M>o- 

Since deg ^('S'l (^)), degz(S'2(^)) < d — deg z{P{Z)), the theorem is proven by induction 
on d by using Proposition 13.251 and Remark 13.171 
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The case P{Z) G VuKji, ■■■,^n)][Z] is proven in a similar way by using the fact that 
VJy[(7i, 7Ar, 7, 7')] is a complete local ring, thus a Henselian local ring. 

□ 



Corollary 4.3. The field (resp. K^J is algebraically closed audit is the algebraic closure 
ofEJj (resp. K^). 



Proof. Let P{Z) G [Z] be an irreducible polynomial. By multiplying P{Z) by an element 
of Vu , we may assume that P{Z) E Vj^ [(71 , . . . , 7jv) ] [Z] for some homogeneous elements 71 , . ■ • , 

7Ar with respect to v. Let us denote P{Z) = adZ'^-\ hao, Oi £ ^^^[(71, ....,7Ar)], < i < d. 

Let a G Vjs[(7i, ...,7Ar)], i/(a) > 0. Let us denote Q{Z) := aj-^a'^P(Z/aad). Then Q{Z) is 
a monic polynomial of Vj^[(7i, ...,7Ar)][Z] and if z is a root of Q{Z), then is a root of 
P{Z). Hence the result comes from Theorem 14.21 

The assertion concerning is proven similarly. □ 



We have the similar result for 



Lemma 4.4. The algebraic closure of K„ in is equal to ^. In particular K ^ is 
algebraically closed. 

Proof. Let 71,..., 7^ be homogeneous elements with respect to v. Let us denote by gi+i 
the degree of the minimal polynomial of 7^-1- 1 over K„[7i, 7^] for < i < s — 1. Thus 

any element z of K,y[7i, 7s] can be uniquely written as X^ie/ i3^i'---^s^ ^ where 

Aii,...,is € for alii G / and / — {0, qi — 1} x • • • x {0, Qs — 1}. 

In order to prove the lemma we need to show that, if we assume that z is algebraic over 
then Ai-^ G Kf}^ for any ii,..., is- In this case let L := K,y[7i, 7^-1] and let us 

write z := Bi^l where i?^ G L for all i. Let us denote Ci '■— 7s and let C2V1 Cqs be the 

i=0 

qs-l 

conjugates of Ci over K„. Let us denote zj ~ BiQ for 1 < j < Qs- Then we have 



Let us denote M 



f 


.1 \ 






Ci • 


■ cr' \ 


/ 


Bo \ 








1 


C2 • 






Bi 


V 






I 1 




■ cir' ) 


V 


Bq.-l J 



(I Ci 

1 C2 



This matrix is invertible and its entries are 



algebraic over k(x), Zj is algebraic over J>i for all j, hence Bj is algebraic over J-n for all j. 
By induction on s we see that A^^ . .^^^ G IK^'^ for any ii,..., ig. □ 



We can summarize the situation with the following commutative diagram where the bot- 
tom part corresponds to the quotient fields of rings of the upper part and all the morphisms 
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are injective: 
T 



v;aig . 
\ 



T 



T 



Example 4.5. Let ^(T) = X^i^i '^i^* ^ QI^I be a formal power series which is not algebraic 
over (Q)[T]. Let a := (ai,a2) € N"- Let us set 



=1 -^1 

But / ^ Ki.^: let P(Z) = ao(x)Z'^H had(x) e K„ [Z] be a polynomial such that P(/) = 0. 

Let us write ai(x) = X]fc°=o where ai.fc(x) is a weighted homogeneous rational fraction 

of degree k if x\ has degree a\ and X2 has degree a-i. By homogeneity we have 

a^,kf + ai,fc/^"' + • • • + = Vfc G N. 

This implies that 

ao.fe(l,r)g(r"i)'^ + ai.fc(l,r)5(T"0''"' + ■ ■ ■ + ad,fe(l,r) - Vfc G N. 
Thus ai,fe(x) = for ah < z < d and < k. Hence P(Z) = and / ^ K^.^. 



On the other hand, h := g\ ^ ) = Ci— — - G but h is not algebraic over 

k((xi))((x2)). 



''2 



Proposition 4.6. Le< P{Z) G V^^[Z] (resp. V^''^[Z]) he an irreducible monic polynomial. 
Then P{Z) is irreducible in Vu[Z]. 

Proof. By CorollarySS P{Z) splits in Vjs[(7i, 7^)] for some homogeneous elements 71,..., 

7s with respect to 1^. Since Vjs[(7i, •■•,7s)] n V,y = Vj^ the result follows. 

The proof is the same for Vjf . □ 

Lemma 4.7. Let a be a automorphism o/K^. Then for any z G Ki/, we have i>{(7{z)) = 

Proof. Let z G ]Ki/[7i, 7^] where 7iv, 7s are homogeneous elements with respect to v. 
Let us write z :~ X^ieA where Zi is homogeneous of degree i and A is countable subset of 
K with no accumulation point (see Remark 13. 3p . If io — v{z), then Zi^ ^ and v{zi) — for 
all i < io. Then (t{z) — cr{zi), for all i a{zi) is homogeneous of degree i and a{zi) = if 
and only if Zi = 0. This proves that iq i>{(7{z)). □ 

Corollary 4.8. Let P{Z) G V^[Z] be an irreducible monic polynomial. Then the Newton 
polygon of P{Z) as only one edge. The result remains valid if we replace Vi, by V^^^ or Vfi. 
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Proof. Let z be a root of P{Z) in V^. Let a he a K^-automorphism of K^. Then i>{(7{z)) = 
iy{z) by Lemma 14.71 The finite product of the distinct hnear forms Z — cr(z) obtained in 
this way is a monic polynomial with coefficients in K,y and divides P{Z). Since P{Z) is 
irreducible, both polynomials are equal. This proves that all the roots of P{Z) have same 
valuation, hence the Newton polygon of P{Z) has only one edge. 

The cases VJ^'s and yjs are deduced from Lemma □ 

Example 4.9. Let P{Z) := Z^ + 3xiX2Z - 2x\ e k|xi,X2][Z]. We see that P(Z) has a 
root of order 2 and two roots of order 1 in V ^tA- -By CoroUarv 14.81 PiZ) has at least one 
root in of order 2. 

Let \J\ + U := 1 + X]i>i '^i^^ 1 E Q for all i, the formal powers series whose square is 
equal to 1 + J7, and let vT + U := 1 + X^j>i biU^ , bi E Q for all i, the formal power series 
whose cube is equal to 1 + U. Then the roots of P{Z) are 

with (a, b) ~ (1, 1), or and p = xiX2 and q — x\. But 

q + s\J q^ +p^ = + e\J x\x2 + = \fe\/x\X2 + r\ 

where e — 1 or —1 and ord(77) > 1. Both order 1 roots of P^Z) have initial term of the form 

Q.y/x\X2 where a G C*. Thus P(Z) has only one root in Vj^'^ and even in IK^^^j. 

Let z be the only root of P{Z) in V^^- If z G K„, since P[Z) is monic and Tn is an integral 

3 

domain, then z G Tn- But in(z) = f ^ ^n- Thus z ^ K„, hence P{Z) is irreducible in 
K„[Z]. This shows that K„ — > K^J.^ is not a normal extension in general. 

Corollary 4.10. Let P{Z) := Z'' + ai{x.)Z'^-'^ H + ad(x) G J"„[Z] be an irreducible 

polynomial having its roots in k[a;f , Xn]] for some positive integer e. Then the Newton 
polyhedron of P{Z) is the convex hull of the cone ofN"^^ centered in (0, 0, d) and generated 
by the convex hull of the Newton polyhedra of Odi'X.) in N" . 




1 1 

Proof. Let a G N". Let zi,..., Zd G k|xf , x,^]] be the roots of P{Z). Then G 
Vu^[xl , ...,Xn] for any i, the being homogeneous elements with respect to Va- Let 
G ~ (Z/eZ)" be the Galois group of the extension V^^ — > Vu^[xl , ...^Xn]- The z^'s are 
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conjugated under the action of G, thus P{Z) :— HiLil^ ^ ^i) is irreducible in V,^^ [Z]. This 



being true for any a G N", the resuh follows from Corollary 147 

□ 



We finish this section by giving two results relating the roots of a polynomial P{Z) to the 
roots of polynomials approximating P{Z). First of all, let us consider one polynomial P{Z) 
where A is integral domain and let v he a, valuation on A. We will write 

y{P{Z)) > c 

if and only if ^{a) > c for any coefficient a of P{Z). 

The following proposition is the analogue of Proposition 2.6 of |To| : 

Proposition 4.11. Let P{Z) e V/f [Z] he a monic polynomial of degree d with no multiple 
factor. Let us write P{Z) = Pi{Z)...Pr{Z) where P,{Z) G Vfi[Z], l<i< r, are irreducible 
monic polynomials. Let Q{Z) € V/^[Z] he a monic polynomial of degree d. Let us write 

P{Z) ^ Z"^ + aiZ'^-^ H h ad, QiZ) = Z'^ + biZ<^-^ H h 6d, and let Zi,..., z^ he the 

roots of P{Z). If 



min {v{ai — 6^)} > dmax{i^(zi — z,)} 

l<i<d i^j 

then we have the decomposition Q{Z) = Qi{Z)...Qr{Z) such that Qi{Z) G V/^[Z] is an 
irreducible monic polynomial, I < i < r, and 

d 

The result is still valid if we replace V/^ hy VJ*'^ or . 

Proof. Since P{Z) has no multiple factor and since char(Ik) — 0, we have Zi ^ Zj for all i ^ j. 
Let us set r := maxi^j{i/(zi — Zj)}. Let z^', 1 < i < d, be the roots of Q{Z). Let z be a root 
oiP{Z) inK^s[(7i,...,7w)]. Then 



n - <) = Q{z) = Q{z) - P{z) = ^(6, - a,) 



z'^-\ 



\<i<d 



Thus there exists at least one i such that v(z[ — z) > '""'i<'<''j^'^(°' > j.^ Let t be another 
root of P(Z). Then 

v{z[ -t) = v{z[ - z + z - t) = v{z - t) < r 

since v{z[ - z) > ■"i"i<-<''{'^(°'-''-)} >r>v{z-t). Thus for any root of P{Z) denoted by z, 
there is only one i such that v{z — z[) > '°'"i<'<'ij^'^(°' b^)} ^ 

If is a K^s_a,utomorphism of K^f, then a{z) is a root of P{Z) and v{(t{z[) — a{z)) > 
mini<.<,{.(a.-6.)} Lemma gTl 

Let (Ti(z),..., CTe(z) be the conjugates of z over Vj^. Let R{Z) := {Z — z) YYj^ii^ ^ '^ji^)) ^ 
Vls[Z]. Thai R(Z) is an irreducible factor of P{Z). Moreover cri(Zj'),..., (Te(z^) are conjugates 

of Zj' over V^s. Let cr be a Kjf.autQij^orphism of K^f . Then cr(z) is a conjugate of z thus 
there exists j such that cr(z) — crj{z). But we have 

j/(ct(zJ - crj(z)) = t^(o-(zJ - (7(z)) = i/(z, - z) = i/(crj(zj - CTj-(z)) > ^^—^ 
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and since there is only one root of Q{Z) whose difference with <yj{z) has valuation greater 
than '"'"i<' < ''|^'^(°'~^')^ ^ necessarily have (t(z-) = crj{zl). Thus cri(z-),..., ae{zl) are the 
conjugates of z,' over Vj^. Thus the polynomial 

S{Z) {Z-zl)f[iZ-a,izl)) 

is irreducible in Vl^[Z] and 

.{S{Z) - R{Z)) > ™<^<4j(«.-&0}^ 

The proof for is the same and the case V^^^ is proven with the help of Lemma 14.61 

□ 

Remark 4.12. Let us remark that i^{Q{Z) — P{Z j) > |i^(Ap) where Ap is the discriminant 
of P{Z) implies that v{Q{Z) - P{Z)) > dmaxi^j{iy{zi - zj)}. 

Remark 4.13. This result is not true if P{Z) has multiple factors. For example, let v 
be a divisorial valuation and let us consider P{Z) — Z^ and let Q{Z) = + a where 
z^(a) — 2k + 1 and fc e N. Since v{a) is odd and since the value group of ly is Z, then it is 
not a square in Vn and Q{Z) is irreducible but P is not irreducible. 

Proposition 4.14. Let v he an Abhyankar valuation and let N :— dinitQT ^^Q. Let P{Z) S 
yuiiliT ■■■■:"fN)][Z] be a polynomial of degree d where 71,..., 7iv CL^e homogeneous elements 
with respect to v. Then there exist 7^,...., 7^ integral homogeneous elements with respect 
to V and c £ K>o such that the roots of P{Z) are in Vi/[(7( , 7^)] and for any monic 
polynomial Q{Z) G V^[{'yi, ...,^n)][Z] such that v{P{Z) — Q{Z)) > c, the roots of Q{Z) are 
in K[(7(, ...,7w)]- 



Proof The proof of this proposition is based on the proof of Theorem 14.21 So let us use 
the notations of that proof. Let us write Q{Z) = Z'^ + biZ"^^^ + ■ ■ ■ + bd and let us define 
R{Z) := Z"^ + b[Z'^-^ + ■■■ + K where b'^ := ^ for 1 < i < d. We have Q{jZ) = i'^R{Z). 
Let us assume that v{b[ — a[) > Q for all 1 < i < d (i.e. if v{hi — Ui) > 1^(7*) for all i, thus 
we assume here that c > diy{'j)). Then R{Z) = S{Z) {R{Z) denotes the image of R{Z) in 
L[Z]) and the factorization R{Z) = 'Si{Z)S2{Z) hfts to a factorization R{Z) = Ri[Z)R-2{Z) 
of R{Z) as the product of two monic polynomials as in the proof of Theorem 14.21 



Lemma 4.15. Ln the previous situation there exist two constants a > 0, 5 > depending only 
on Si{Z) and S2{Z) such that for any c > max{6, 1^(7'^)}, we have v[Ri{Z) — Si{Z)) > 
/or i = 1,2. 

Proof of Lemma \4-15[ Let us denote by ri^k the coefficient of Z'' of the polynomial Ri{Z), 
for i — 1,2 and < k < deg z{Ri{Z)), and let us denote by r the vector whose coordinates 
are the ri^s . The coefficient of Z'' of Ri{Z)R2{Z) - Si{Z)S2iZ), for < fc < d, is a 
polynomial /fc('r) whose coefficients are in [(71, 7Ar, 7, 7')] and depend themselves on 
the coefficients of S{Z). By Theorem 1.2 |M-B| . there exist a > 0, 6 > such that 

Vc>6, Vr e V;[(7i,...,7Ar,7,7')]''+2 such that i^{fk{r))>c Vfc 

3r' e K[(7i,...,7w,7,7')]''+' such that /fc(r') = Vfc 

, , , c — & . 
and z^(rjj - rij) > 
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Let US denote by R'i{Z) the polynomial whose coefficients are the r[ where < < 

deg(i?,). Then = Si{Z)S2{Z). Moreover %{Z) = Ri{Z) = S,{Z) if > 0. 

Since the roots of S'i(Z) and S2{Z) are different, and since V^[{-fi, ...,-fN,J,Y}][Z] is a GCD 
domain, then R'i{Z) — Si{Z) for i — 1,2. This proves the lemma. □ 

Here we remark that, the constants a, b, 1^(7) depend only P{Z). Thus the result is proven 
by induction on the degree of P{Z) (since deg{Si{Z)) < deg(P(Z)) for i = 1,2) and using 
Proposition 13.251 and Remark 13.171 

□ 

5. Monomial valuation case: growth of the denominators 

We will first construct a subring of Vj^ containing V^^^ when is a. monomial valuation. 

Definition 5.1. Let a E ]R"q and let 5 be a (a)-homogeneous polynomial of degree d. We 
denote 

Va^s ■= e / 3A a finitely generated semigroup of M>o, Vi G A 3ai e Ik[x] (a)-homogeneous, 

3a > 0, 6 e R Vi e A 3m(i) e N s.t. m(i) <ai + b, f = « and A = V \ . 

ieA ) 

With this notation we say that i 1 — > ai + 6 is a bounding function for §m{i) ' 

iSA 

By Lemma [3110] we have k|x]] C Va.s C Vj^, by identifying a formal power series cpx^ 

to ^-^^Yi aAx) := cnx^ et m{i) = for all i e A. We extend 

dix)™-^^' ^-^ 

iSA ^ ' Qi^lH Va„0r,=i 

in an obvious way the addition and multiplication of k|a;] to Vq.^: this defines a k-algebra 
structure over V^.s- We can see easily that if i \ — > ai + 6 is a bounding function of A and 
B G Va^s then it is also a bounding function oi A + B and AB. 



Definition 5.2. Let A :~ — ^ £ Vq a, A 7^ 0. Let in be the least element of A such 

jgA 

that 7^ 0. We say that ^^("^^ , is the initial term of A with respect to Va or its (Q:)-initial 
term. We denote it by iwaiA). 

Lemma 5.3. Let 6 and d' be two (a) -homogeneous polynomials. We have the following 
properties: 

i) The ((a)-homogeneous) irreducible divisors of 5 divide S' if and only ifVa^S' C Va.s- 
We denote by Va the inductive limit of the Va,5- 

ii) The valuation is well defined over Va,s o-nd extends to Va- Its valuation ring is 
exactly Va • Va is a finitely generated valuation ring. 

Proof. It is clear that if the irreducible divisors of 6 divide S' then Va.s C Va.S' ■ On the 
other hand if Va,s C Va,s'} then | £ Va,s't thus there exist a (a)-homogeneous polynomial 
a G k[x] and an integer m G N such that | = hence aS = S'"^. This proves i). 
If A G Va.s and B G Va,5' satisfy Va{B) > VaiA), by denoting by ^^°jZ(o) the first non-zero 
term in the expansion of A, we can check easily that G Va,ss'ao- This proves ii). □ 
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Definition 5.4. For any a G M"q we denote by Ka the fraction field of Va and 

JCa := lini /Cq[(7i, ...,7s)] 

the Umit being taken over all subsets {71, ....,7^} of (integral) homogeneous elements with 
respect to v. 

If 7i,.--i 7s are homogeneous elements with respect to Va we denote by Va,s[{lii ■■■ils)] the 
ring of elements Akj- where the sum is finite, k := (fci, ks), Ak — X^ieA where 
flj e k[a;] is (Q!)-homogeneous, there exist two constants a > 0, 6 g M such that m{i) < ai + b 
for all i and there exists ip S A such that i/a { gmti) ) — i — io and !^(7-) > to- 
Then we show the following version of the Implicit Function Theorem inspired by Lemma 
1.2 [Ga] (see also Lemma 2.2. [^]): 

Proposition 5.5. Lef a e M'-^g and /et P(Z) e VaAi'lu ■■■ils)][Z], P{Z) = Efe=o«fe^'' 
where 7, is homogeneous for all i with respect to v^- Let u € '^a,s[{liT--Tls)] such that 
Va[P{u)) > 2va{P' (u)). Let denote the initial term of P'{u) with respect to Va- 
Then there exists a unique solution u in ^^[(TI: ■•■i7s)] of P{Z) = such that 

Va{u- u) > J/„(P(u)) - UaiP'{u)). 

Proof. Set Z ~ u + T. We are looking for a solution t of equation P{u + T) = such that 
i^a(0 > I'aiPiu)) - Va{P'{u)) (> Ua{P'{u))). We have 

P{u + T) = P{u) + P'{u)T + Q(T)r2 = 

where Q{T) e Va.s[{li, ■■■,ls)][T]- The valuation i/q defined on the ring Va,s[{li, ■■■,1s)] 
takes values in a sub-group F of M. Let us denote by V the valuation ring associated to 
and let us denote by V its completion. Let V^^ be the subring of V of all elements of 
V whose i^Q-support is included in a finitely generated semigroup. Then V^^ is a Henselian 
local ring by Lemma [4.11 Let us denote T — -^Y . Thus we are looking for solving the 
following equation: 

P{u) + P\u)^Y + Q\ ^Y] ^ 

or 

S(Y) := A + BY + R{Y)Y^ = 
where A := ^p-P{u) G F^^^ 5 ^ \/fg jg invertible and its initial term is equal to 1. and 
R{Y) :— Q (^-^Y^ e y^^[y]. By Hensel Lemma this equation has a unique solution y £ V^^ 

such that Va{y) > 0. Let A be a finitely generated sub-semigroup of R>o containing the 
i^Q-support of y, A, B and the coefficients of RiY). Since A is countable we may write 
A = {ii, 12, ^3, ...} with ik < ik+i for any fc G N. We may write y = X]fc°=i homoge- 
neous of degree ifc G A with respect to i^a such that ik+i > ik for all fc > 1. For any / G V^^ 
let us denote by inQ,(/) its initial term. We may construct this solution y by induction: 

necessarily we have y^^ = —ma{A) since in(i?) = 1, and yi,^-^ — — in^ ^S* Vik^ ^ f°^ ^ 
I > 1. Thus we see that = ^^^^^.^^ where Ck G k[a;][7i, ...,7s] and m{ik) G N for all k. 
Let us write Ok '■— Tlii^A^'k^i where ak,i is homogeneous of degree / with respect to Va- 
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For any i G A let Vi be a new variable and set v := "^i^j^Vi. We extend the valua- 
tion i/q, to V^^Vi, ...,Vi, ...] by setting Vaivi) := i for any i G A. We may write formally 
P{v) — J2i ^i(^) where Pi{v) G Z[ak,i,Vj] is the homogeneous term of degree i with respect 
to fa- Let A := 2i'a{P'{u)) and let z S A; we have 

-Px+i{v) = j^Vi + Qi{v) 

where Qi{v) is a polynomial with integer coefficients and variables ak,i {I < X + i) and vj 
{j < i). Evaluating in y, we have Px+i{y) = 0, hence yi = _i_^M_ 
Let Q be a monomial of Qi{v) and let r be a real number such that r > (P)-i • 
may write Q = RYlfLi "^kj where R does not depend on Vk for any k > r and kjg < i. Let 
z — > ai + b he a. common bounding function for the and X^j^^ yj seen as elements of 
55[(7i) •••)7s)]- We may do the change of variables Z' := Z — ina(u) and multiply P{Z') 
by a large power of 66 in order to assume that m(0) < 0, thus by choosing a large enough 

we may assume 6 = 0. The denominator of R may be written as ((5(5)"^'^^^^j=i (since 
Q is quasi- homogeneous of total weight i + X ii Vj has weight j and Uk^i has weight Let 
^ < and let a > a such that 

Xa 



m{r) — (3 < ra and — (3 > 



deg(P)-l- 



Such a couple (a, /3) exists since r > jpg(p)_;^ : indeed let e ■= r — ■ Then let us fix 

a> a such that ea > m{r) and let us denote — /3 := (r — £)a. 

We have m{i) < ai < ai + j3 for all i < r. It i > r, Let us show by induction that 
m{i) < ai + p-. we have 

(jo \ jo / jo \ jo 

i + X~^kj + ^ "z(A;j) + 1 < a i + A - ^ fcj + a ^ A:^ + jo/? + 1 
i=i / i=i \ j=i / i=i 

jo \ jo 

< a I i + A - ^ fcj + a ^ fcj + jSdeg (P) + 1 < a(i + A) + /3deg (P) + 1 < m + 



the first inequality coming from yi = — , the second one coming from the induction 



Jo 

hypothesis, the third one coming from deg (P) > jo, the fourth one coming from i+X > kj 

1 

Xa 



and a> a, and the last one from — /3 > , , , 

deg (P) - 1 

Finally we see that m{i) <ai + (3. This proves the proposition. 

□ 

We can deduce the following theorem: 

Theorem 5.6. Let h he a field of characteristic zero. Let a € R"o ^'^'^ us set N = 

dimq{Qai-\ \-Qan)- Let P{Z) e Vq,[(7i, ...,7s)][.Z] be a manic polynomial whereat,..., 7s 

are homogeneous elements with respect to Va ■ Then there exist integral homogeneous elements 
with respect to Ua, denoted by 7i,... 7^, such that P{Z) has all its roots in Va[(7i, ...,7^)]. 
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Proof. First we may assume that P{Z) is irreducible. Let z G V'Js[(7(, ...,7^)] be a root of 
P{Z) where 7^' is an integral homogeneous with respect to i^a (by Theorem 14. 2p . Since P{Z) 
is irreducible, then P'{z) 7^ 0. Let z e Va[{j'i, ...,7^)] be a truncation of z at a high order 
in such way that 

MP{T)) > 2v^{P'{I)) = 2v^{P'{z)) 

and such that z^q,(P(z)) — i/q(P'(z)) is strictly greater than 1^0,(2 — z') for any other root z' 
of P{Z). Then we apply Proposition [^31 and we get a root z G Vo,[(7i, i'n)] of P{Z) such 
that Va{z — 'z) is strictly greater than Vai^ ~ z') for any root z' of P{Z) different from z. 
Thus z = V„[(7;,...,7^v)]. □ 

Corollary 5.7. T/ie /?e/d K,'^^^ is a subfield of K.^- 

Proof Let z G K^'s and let P{Z) = aoZ'^ + ■ ■ ■ + ad G J^n[Z] be a polynomial such that 
P{z) = 0. Then cqz G K^'f is a root of the polynomial a^^^P{Z/ao) = Z'^ + aiZ'^-^ + 
a2aoZ'^^^ + • • • + a^a'^^^ which is a distinguished polynomial. Hence agz G Va by Theorem 
15.61 and z G ICa- 

□ 

Example 5.8. Let us assume that Discz{P{Z)) is normal crossing after a formal change 
of coordinates and let us assume that k is algebraically closed. This means that there exist 
power series Xi{y) G (y)k|y] (y = (j/i, y„)), for 1 < « < rt, such that the morphism of 
k-algebras (p : k[x] — > k|y] defined by ip{f{x.)) — f{xi{y), ...a;„(y)) is an isomorphism, and 
such that 

^(Discz(P(Z)))k[yl = yl\..y'^klyl m < n. 
From the Abhyankar-Jung Theorem fAb] (or [ KV| . |PR| ) . the roots of P{Z) can be written 
as tk = J2i3GN" tk,i3^'^, ioi 1 < k < d, where w = (yl^", y\t , ym+i, y-n) for some integer 
e G N. Let us denote by fi{'x), 1 < i < n, the power series satisfying (p{fi{x.)) — yi. 
Let a G N" and let us denote /i(x) = /i,a(x) +ei.Q(x) where /i,a(x) is (a)-homogeneous and 
Va{ei{'x.)) > I'aiU.ai'i^)) for any i. Thus we have for 1 < i < m: 

where Ck E Q for all k. Hence 

2/f...ym=/l,a(x) = ...?™,a(x)= [[ I l + 2^Cfc (H" iZp(x))fc I ' 

We remark that Discz(P(^)) = n"=i 'p,a(x)^'' + e(x) with i.a(e(x)) > i^c{U7=ilpA^T'')- 
Let 7 := Jl^i ^p,a(x)~ be a root of Z"^ — Il^i ^p,c((x) (in particular it is an integral homo- 
geneous element with respect to i^a), and set 6 := HpLi 'p,a(x)'^''. Here 6 divides the initial 
term of the discriminant of P{Z). We have the following three cases: 

i) If is a linear change of coordinates (i.e. a = (1, 1) and Si^a — Vi), then the 
roots of P{Z) are in k[x|[7]. 

ii) If (/3 is a quasi-linear change of variables (i.e. a G N" and ei,a = Vz), then the roots 
of P(Z) are in k|x][7]. 

iii) If (at least) one of the Si^a is not zero, then the roots of P{Z) are in Va,s[{'j)]- 
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Example 5.9. Let P{Z) = + 2aZ + b. Let S denote the (a)-initial term of the discrim- 
inant of P{Z), i.e. the (a)-initial term of — b. Then the roots of P{Z) are of the form 
—a + \/a^ — b G Va^5[(7)] where 7 is a root square of 5. Here S divides the initial term of the 
discriminant of P{Z). 

Example 5.10. Let P{Z) = Z^ + 2>x\Z - 2{x\ + e) where e is a homogeneous polynomial 
of degree greater or equal to 4. Its discriminant is D := x\ -\- x% -\- 2x\e + whose initial 
term is x\-\-x%. The roots of P are 



with (a, 6) = (1, 1), ) or {j - j). But we have 



V + 72 V 5 XI + J2 



72£ 

71,72, -3- 

a;i +72 

with 7I = a;f + a;f , 75* = + 72 and S = xf + X2 is the initial term of D. By doing the 



same remark for y xf + e — V^, we sec that there exist 71,..., 75 homogeneous elements 
with respect to ord such that the roots of P{Z) are in V(i,i),5[(7i, ...,75)]. Here 6 divides the 
initial term of the discriminant of P{Z), but there is no reason that the roots of P{Z) are 
in Va,5[(7)] where 7 is an (integral) homogeneous element with respect to Va- 

6. Approximation of monomial valuations by divisorial monomial valuations 

In several cases, it will be easier to work with a monomial valuation f„ which is divisorial, 
i.e. such that dimQ(QQ!i + • • • + Qa-n) = 1- lu order to extend some results which are proven 
for divisorial monomial valuations to general monomial valuations, we will approximate 
monomial valuations by divisorial monomial valuations. The aim of this section is to explain 
how this can be done. 

Definition 6.1. Let a € ]R>o- Let la ■ Q" — > R be the Q-linear morphism defined by 
la{qi, Qn) '■= J2i <^iQi- We denote by Rela the kernel of this morphism. 
For any £ > and g e N, we define the following set: 



Rel(Q,g,£) := ^a' G N"o / C Rela' and max 





< 




max 


q- — 




i 


OLi 



Example 6.2. If n = 4, and ai = v^, 02 = VS, as = 13^2 + VS, = V2 + 757v^, 
then any a' of the form (ni,n2,13ni + 122, ni + 757n2), where ni, 722 S N>o, will satisfy 
Rela C Rela'. 

Remark 6.3. Since Q is dense in M, for any a G M"o ^^'^ 9,ny £ > there always exists 
g e N such that Rel(a, q, e) ^ 0. 

Moreover if a G N" then Re\(a,q,e) = iaaj if < £ < — r. Indeed in this case the 

only a' £ N" satisfying max\qai — a[\ < qUiS is a' = a. 

i 

Lemma 6.4. Let a, a' £ R>o- Then Rela C Rela' if md only if every {a) -homogeneous 
polynomial is a {a') -homogeneous polynomial. 

Moreover if a' G Rel{a,q,e) and if a{x) is a (a) -homogeneous polynomial then 
q{l - s)ua{a{x)) < fa'(a(x)) < q{l -\- e)ua{a{x)) . 
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Proof. Let us assume that Rel^ C Rela' and let a(x) be a (Q!)-hoinogeneous polynomial. 
This means that for any p, q E N"o, if x*' and x"^ are two non zero monomials of a(x), then 
J2i ^iPi = Si III particular p - q e KeT{la), thus a^Pi = J2i ^'ili- Thus a(x) is a 

(a')-homogeneous. 

On the other hand let us assume that every (a)-homogeneous polynomial is a (Q!')-homogeneous 
polynomial. Let r £ Rel^. We can write r = p — q where p, q £ Q>o- multiplying r 
by a positive integer to, we may assume that top, mq G N"q. By assumption on r, the 
polynomial x™^' + x™'' is (a)-homogeneous. Thus it is (a')-homogeneous. This means that 

a'impi = Y.i ct'imqi. Hence Y.i ct'iiVi - 9i) = and r =p - qe RcIq'. 
Now let be a monomial. Then 

va-{yi^) = ^a'^p^. 

i 

But q{l — e)ai < a[ < q{l + e)ai for any 1 < i < n. This proves both inequalities. 

□ 

Example 6.5. Let a e N" and a' G R>o- Then RcIq, C RcIq,/ if and only if there exists 
A e M such that a' — \a. 

Lemma 6.6. Let a G M"q, A G Va.&, A = X^ieA i5(x|'"(') • '^^^Z e > small enough there 
exists s(e) G N sitc/i f/iaf for any q G N, any a' G Rel{a, q, e) and any s > s{e): 

'^W' E 7S^(^i'^W"'^'' ^"'5(x)<^) G kH. 
Proof. Let a(x), (5(x) G k[x] be (a)-homogeneous polynomials and let to G N such that 



f a(x) \ 



i. Let s G N. Then we have 



^ ^ <5(a:l<5(x)"'l^...,x„^(x)<^)" ""^ ^ 

Now let - — 'r-r- G with m(i) < ai + b for any i G A, A being a finitely generated 

ieA 

sub-semigroup of R>o. Set da := i^aiS)- Thus v^io'i) = dani{i) + i for any i G A. Hence 
Va'{ai) - m{i)va'{5) > q{l - e) [dani{i) q{l + e)m{i)da 

Va'{ai) — m{i)vai{5) > q{l — e)i — 2qedam{i). 
Since (1 — e)i — 2edam{i) > (1 — e)i — 2£da{ai + b), there exists e small enough and > 
such that 

for all g G N, all a' G Rel(a, q, e) and all i G A, i > 0. Thus for s large enough 

sva'{ai) ~ m{i)vo,i{5) > ai. 
Moreover if s > 6, we obtain the result, by Equation ([S]). 

□ 

Lemma 6.7. Let a G R"o '^'^^ A G Va- Let us write 

^ (5(x)™(^) 

where A is a finitely generated sub-semigroup of ]R>o and m{i) is bounded by an affine 
function. Then there exists e^i > such that for all < e < Ea, for all g G N, for all 
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OL £ Rel{a, q, e), the element '|m(i) fraction field of Va> ■ 

Moreover if A £ Va is not invertihle, i.e. Va{A) > 0, then we may even choose e^i > such 
that for all < e < sa, for all q £ N, for all a' G Rel(a,q,e), \ — t-t- e Vq,' and i/iis 

element is not invertihle in Va' • 

Proof. Let a, & > such that m{i) < ai + b for any i G A. By Lcnima l6.41 we have 

( j(x)^w ) - ^ ~ 2gem(i)j^a('5(x)). 

Let EA be a positive real number such that ea < i^2ai^ (&{^)) ^^"^ ^ 1 ^ ^^(1 + 
2az^Q((5(x))). Then for any > e > e^i, any g G N and any a' G Rel(a, q, e) we have 

"^^""^ ^ > W-2<?6£i^a(<5(x)) VigA. 



This proves that ^, "1., is in the fraction field of Va' • 
^ (S(x)™(*) 

ieA ^ ' 

If i'q,(A) > 0, then ao(x) = 0. Let io := J^a(A). Let e < be such that 

io > £ ((1 + 2aVa{5{^)))io + 26i/a((5(x))) . 
In this case v^' ^ a(x)"(') ) ^ ^ ^'^"^ '"^^^^ i £ A, i > ig. This proves the second assertion. □ 

Corollary 6.8. Let A E Vn be a non-invertible element, A — 'S^ \.. . There exists 

^ (5(x)™(») 



ieA 



Ea > ^ such that for any < £ < SA, for any g G N and any a' G Rel{a, q, e), ^[ G 

(5(x)"H*-' 
ieA ^ ' 

Va' and if it is irreducible in Va' then A is irreducible in Va • 



Proof. The first assertion is Lemma [6.71 If A is not irreducible in Va, then A = A1A2 in 
Va and Ai and A2 are not invertihle. By Lemma 16.71 there exists > such that for 
any < e < ea, for any q € N and any a' G Rel(ck,q,e), A, Ai and A2 are non invertihle 
elements of Va' • Thus A is not irreducible in Va' ■ D 

When the components of a are Q-linearly independent Theorem 15.61 gives the main result 
of |McD| using Lemma WM 

Theorem 6.9. [McDj Let k be a field of characteristic zero and a G M"q such that 
dimq{Qai + • • • + Qq!„) — n. Then 

a 

where the first union runs over all rational strictly convex cones a such that {a^r) > for 
any r G (T, t 7^ 0. Moreover we have: 



C UU IJ k' ( (x'',/3 G crn 



cr k' qeN ^ ^ ^ 

where the first union runs over all rational strictly convex cones a such that {a, r) > for 
any t £ a , t ^ Q, and the second union runs over all the fields k' finite over k. 
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Proof. The only (a)-honiogeneous polynomials are the monomials. Let /3 G N" and A be 



an element of Vq, x/3 ^ ^ — X^ieA "where A is a finitely generated sub-semigroup of 

M>o- By Lemma 16.61 we see that the monomial map defined by Xj i — > ZjX^^j^ maps A 
onto an element of k[x] for a' G Rel(a,q,e), £ > small enough and s large enough. Such 
a monomial map is induced by a linear map on the set of monomials and its matrix is 

\ 



Ml 



/ 1 + s/3ia'i 



sPia'2 

1 + S^2a2 



1 



Set 



M2 



-s^2ai 



'Sj3ia'2 
'S(32a2 



S^2a3 

-s/3ia3 
- 5^203 
-5^303 



\ -s^„Q!i -s/3„Q!2 -s/3„a3 



s/3ia;, 
s/32a;, 



'Sl3ia'„ \ 



and let be the characteristic polynomial of M2. Then = det(A/i). If = 0, then 
the vector /3 := (/3i, ...,/3„) is an eigenvector of M2 with eigenvalue 1 since the image of M2 
is generated by (3. Thus — s(/3iai + • • • + PnCt'n) = 1 which is not possible since /3i > and 
> for any i. Thus det(A/i) 7^ and Mi is invertible. In particular a := A/j"^(R"q) is 
a rational strictly convex cone. Moreover, since A G Va,Si we have (a, r) > for any r G cr, 
r 0. By Corollary 15 . 71 this proves the first assertion. 



By Example 13.151 integral homogeneous elements with respect to are either finite over 
k, either of the form cx^ ■■■Xn for some integers ni,..., n„ G N, q G N>o such that 

n 

'^^oijUj > 0. Using Theorem 15.61 and since K^^ = ]K^'^8;[7i, 7^] where the 7,^ are ho- 

mogeneous with respect to Vai we have the second inclusion by replacing a by the rational 
strictly convex cone generated by a and the (ni, ...,n„) corresponding to the homogeneous 
elements 71,..., 7^. 

□ 

We will consider a subring R of k|x]l that is an excellent Henselian local ring with maximal 
ideal mn such that: 

(A) k[a;i, ...,a;„](x) C R, 

(B) xriR = {x)R and R = k|xl, 

(C) if p(x) G k[x] and /(x) G R, then f{p{x)xi, ...,p(x)x„) G R. 

Remark 6.10. If k is a field, the ring of algebraic power series k(x) is an excellent Henselian 
local ring satisfying Properties (A), (B) and (C). If k is a valued field, then the field of 
convergent power series k{x} does also. 

Definition 6.11. Let a G M"g and let S he a (Q;)-homogeneous polynomial. Let 

s '■= \A £ I 3A a finitely generated semigroup of M>o, Vi G A 3ai G k[x] (Q;)-homogeneous, 
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3a, 6 > e A 3m{i) e N s.t. m(^) <at + b, = z, A = ^ ^ 

and 3e>0VgeNVa'eRel(a,g,£)3seN such that <5(x)' ^ ^^(xJ(x)""') e i? i 

»GA C J 

Remark 6.12. Let ^^'^^^ e V^^. Then there exists e > such that for any g e N and 

ieA 

any a' G Rel(Q;, g, e) there exists s e N such that (by Equation ([5])): 



^(x)'^^^l-^(xl(5(x)"^^...,a;„<5(x)""'^) = ^a,(x)5(x)'^(i+''°'('^'(^»-''='('^(^»™W)-™« G i?. 

jGA '^i iSA 

If < e N, then 

ieA 

= ^a,(x)5(x)*+*[''°'(°-(''^)+''°'(''(''))t^(^+''°'(°*(''))~''°'(''('''^™(*'^~™(*)l]+''(^+''°'("'^ 

iGA 

_ Q^(^x)5(x)'^°'**^°''''-'+*^°''-'-'^'*^°'*'*-'~™''*-'"'"'^°'**'"'"*"'"* G i? 
iGA 

where 

Pa'{i) := i/a'(ai(x)) - z/Q'((5(x))m(i) and := z/q'((5(x)) 
by Property (C). In particular 

iGA 

If A = T— 7T ^'I'i ^ = TTT "= "I^Q^ai then there exist si, S2 G N such that 

iGA iGA 

J''^ ^a,5"iP°M(')~"W ^ and ^ 6,5''-2P»'.2 ^ ^ 

iGA iGA 

where 

:= z^Q'(ai(x)) - t/Q'((5(x))m(i) andpa',2(i) := i^q' (&i(x)) - i/^' (5(x))n(i). 

Let p be a prime number and k £ N>o such that p'^ divides da'Si + 1 and da'S2 + 1. Then 
gcd{p,da') — 1 and p'' divides da'Si — da'S2. Thus p'^ divides si — S2- This proves that 
gcA{daiSi + l,da'S2 + 1) divides si — S2- Thus there exist ti € Z* and ^2 G Z* such that 
{da'Si + l)ti — {da'S2 + 1)^2 — S2 ~ Si- If ^1^2 < 0, let Say ti > and ^2 < 0, then 
(da'Si + l)<i — {da'S2 + 1)^2 > Si + §2 > |si — S2I which is not possible. Thus we have that 
^1^2 > 0. If ^1 < and t2 < 0, we can replace ti (resp. ^2) by ti + k{da'S2 + 1) (resp. by 
t2 + k{da>Si + 1)) for some positive integer k large enough. This will allows to assume that 
ti and ^2 a-re positive integer. Hence 

3^1,^2 e N, da'Siti + Si +ti ^ da' 52^2 + ^2 + h- 

This proves that there exists s e N (s = da'Siti + si + ti = da'S2t2 + S2 + ^2) such that 
'^W'ETSiT^^i^W"''''---'^"'^^""^) and <5(x)^^-^ 

iGA "i ieA "i 

Thus v4 + i? G "^aS ^^'^ ^ "'^Q^iS- This proves that V^g is a ring. Thus is also a ring 
and it is straightforward to check that it is a valuation ring. 
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Example 6.13. If a G N" and R = C{x} is the ring of convergent power series over C, we 
claim that 



C{x} 



\ s^Sm ""'^ (a)-honiogeneous, {j^) = h 

aeZ>o and 3C, r > such that |ai(z)| < Cr^||z||^°("') Vz e C"| 
for any z € C". 



where \ \z\\a '■— max 

j=l,...,n 

First of all any element of Vq is of the form s:m{i) ^^i^^^ (^^rtn") = i and m{i) < ai + b 

for some a, 5 G N. By multiplying the numerator and the denominator of -g^ifrj by gai+b-mii) 
and replacing by ai5''*+^~™(*', we may assume that m{i) ^ ai + b. If a > 6, we 
may replace g^\t, by , if a < & we may replace g^i^b by ^^^jurfw—- Thus any ele- 

ment of Vq is of the form ^ ga{i+i) ^^^^^^ ( ^a(i+i) ) = i for all i G N. In this case 

Vaiii) = {o.Va{5) + 1)* + ai^a(<5) for any i G N. 
Then we have (with s = a in Lemma l6.6p : 

/(x) 5(x)'^ ^"-^W""") = E ^ '^w- 

iSA ieA 

Thus / G C{a:} if and only if this power series is convergent on a neighborhood of the origin. 
This neighborhood may be chosen of the form: 

B„(0, r) {z G C" / |z, | < r"^ , j = 1, n). 

For any z G -BQ(0,r) set t"^ = Zj for j = l,...,n and = ai{z) for any i G N. Then / 

is convergent on 5^(0, r) if and only E]^*(0 convergent on 5(0, r) := G C" / \tj\ < 

r, j — 1, n}. But this series is convergent if and only if there exist c > and p < 1 such 
that \bi{t)\ < cp^ for all i G N and all t G 5(0, r). Since bi{t) is a homogeneous polynomial 
of degree 1^0,(0^) = {ad + l)i + ad where d := I'aiS)^ we have 

sup |6,;(t)| =r('^'^+i)'+'^'^ sup Mt)\ 

\tj\<r,j=l...n \tj\<l,] = l...n 

we see that / is convergent if and only if there exist C > and R > such that 

sup \ar{z)\^ sup Mt)\<CR\ 

|2i]<l,i=l---" |tj|<lj = l...n 

In this case we have 

(7) \a,{z)\ = \b,{t)\ < max \t,\ sup |6,(0| < Ci?Hz||^°('^') Vz G C". 

i=l---" |tj|<lj = l,...,n 

This proves the claim. 



We have the following analogue of Theorem l5.6l in the Henselian case: 

Theorem 6.14. Let t be a field of characteristic zero and let R be a subring o/k|x| that 
is an excellent Henselian local ring satisfying Properties (A), (B) and (C). Let a G M"o '^^'^ 
let us set N = dimQ){Qai + • • • + Qa„). 

Let P{Z) G V^[(7i, 7s)][.Z^] be a distinguished polynomial of degree d where the ^i's are 
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homogeneous elements with respect to Va- Then P{Z) has all its roots in VaUji, 
where 7^,..., 7jv integral homogeneous elements with respect to i>a. 

Proof. Let P{Z) = + AiZ"^-^ + ■ ■ ■ + Ad with e V^[(7i, 7^)] for 1 < j < d and let 
z G Va,5[{l'n ■■■j1'n)\ tie a root of P{Z). Let e > 0, g G N, a' G Rel(a,(;,e) and s satisfying 
Lemma 16.61 Let us denote by ip the following ring morphism defined on Va,s'- 

/I = V I > in(A\ •= V ^ rs(>.„,(a,(x))-,.„,(5(x))mW)-m« 

We have the following lemma: 

Lemma 6.15. Let 7,' he a homogeneous element with respect to Va, 1 < i < N . Then 
there exist homogeneous element 7" with respect to v^i , 1 < i < N, such that, for any finite 
number of elements A^^ i„ G Va,s, 

, \ " /i lii / iN 1 \ ^ /A \ nil II iN 

V I A,^,...,^m1i -In ■= 2^ 'P(^*i,...,iiv)7i -In 

i,...,ijv J ii,...,ijv 

defines an extension of (p from Va.sH'Ji, ...,7^)] to Va'.s[{'Ji, ...,7^)]. 

Proof of Lemma \6.15[ Let us assume that 7^' is a homogeneous element of degree with 
respect to Va- Let Qi{Z) := gi^o{x.)Z'^' + (7i.i(x)Z'*~^ + ■ ■ • + gi,q-{'x) be a polynomial such 
that Qii^'i) — and such that gij{x.) is a (a)-homogeneous polynomial of degree di + je^. 
Then gi,j{n) is a (a')-homogeneous polynomial of degree d[ + je'^ for some constants d[ and 
e[. Indeed, if a, 6 and c are (Q!)-homogeneous polynomials and i^a(a) — = Vaib) — fa(c), 
then ac and 6^ are two (a)-homogeneous polynomials of same degree, i.e. ac — 6^ is (a)- 
homogeneous. Then, by Lemma 16. 4[ ac — is (a')-homogeneous, thus z^Q'(a) — Va'{b) = 

Let Qi(Z) := 5j,o(x)Z«' + .g,,i(x)(5(x)^'=' Z^'-i + • • • + g^, (x)J(x)*<9' and let 7," be a root of 
Q{Z). Then 7" is a homogeneous element of degree e^(l + i^Q,' ((5(x))s) with respect to Va' ■ 
Then it is straightforward to check that p{Yli -^ii,---,iNli^ ■■■i'n^") — f{^ii,---,iN)lT^ ■■■i'n^" 
defines an extension of Lp from Va,s[{li, ■■■t1'n)\ '^a'.sWi^ ■■■t1'n\- ^ 

By Lemma [nUni Remark [HI] and Property (C), 5^'p{A^j) G ^[7^', 7^ for 1 < j < d. 
By Equation ^ of Remark 16.121 and Property (C), we may even assume that 5''if{z) G 
k|x][7", ...,7j(r] by taking s large enough. Thus z' :— 5^if{z) G k|x]][7", ...,7j(r] is a root of 
P(Z) := Z'^ + ^V(^i)^''"^ + • • • + (^'^XArf) G Let us write 

/ / nil II ir 

^ ^^l,...,^iv7l -Tat 



with G klx] for any ii,..., i^. Let Z := Eji,...,j„ %,...,««7r' •■•7a'" where Z,^,...,,^ 

are new variables. Solving P{Z) = is equivalent to solve a finite system (S) of poly- 
nomial equations in the variables with coefficients in R, just by replacing Z by 
Sii iN ^ii,—,iNli^ ■■■i'n^^ ^iid replacing the high powers of the 7-'s by smaller ones us- 
ing the division by the (5i(^i)'s. By Artin approximation theorem (cf. [Poj . |Sp2| ), the 
set of solutions of (5) in R is dense in the set of solutions in k|x], but since P{Z) = 
has a finite number of solutions, then {S) has a finite number of solutions and they are 
in R. Thus z'^^ G i? for all ii,..., ijv, hence z' G i?[7", .••; 7Ar]^ This proves that 
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7. A GENERALIZATION OF AbHYANKAR- JUNG THEOREM 

Definition 7.1. Let a e N" and let G C[x] be a (a)-hoinogeneous polynomial. Let a > 0, 

/ \ 



C > and t] > 0. Set 



f|i?(0,ry) 



u ■ 

if > 0,e > 
y e < K^C 

with 

{x e C" / da(a;,6'-i(0)) > K\\x\\a and < e} 

where ||.||q, is defined in Example 16.131 and da is defined as follows: for any a;, y G C" let 

1 1 

denote by a; °' (resp. y^"' ) a complex ai-th root of Xi (resp. yi) and let Ui be the set 

1 1 



of a^-roots of unity. Then we define da(x,y) :— max inf 



xp - 



and da{x,e-^{0)) := 



inf da(x,x'). 

a;'ee-i(0) 

Then 'De^c,a,r) is the complement of a hornshaped neighborhood of {6 = 0} as we can 
on the following picture (here a — (1,...,!)): 



see 




Lemma 7.2. Let a E N" and A E a ■ Then there exists a > and C > such that A 
is analytic on 'De,c.a.-q for any rj > 0. 

Proof. If Va{o-i) — di there exist C > and r > such that 

(8) \a^{x)\ < Cr'WxWt V.t e C" 

by Theorem l6.141 Example 16.131 and Inequality ^ of Example 16. 131 On the other hand we 
claim that there exists a constant C" > such that 

(9) \e{x)\>c'da{x,e-^{Q)Y''^^'^ VxeC" 

where dafx, 0-1(0)) := inf daix^x'). 

Indeed if we embed C{x} in C{y} by sending Xi onto we have ^(x) — 0{yi^ , ...,?/^") = 
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r(2/i, ...Tyn) and t is a homogeneous polynomial of degree d ~ VaiO). After a linear change 
of coordinates, we may assume that r is a monic polynomial in y„ of degree d multiplied by 
a constant. Then, for all yi, ...,y„ G C", we have 



|r(2/i,...,2/„)|=C' 



d' 

Y[{y„ ~ (Pi{yi, ...,yn-i)) 



where ipi is a homogeneous function which is locally analytic outside the discriminant locus 
of T, for some constant C". Thus 

|T(yi,...,y„)| > C7'min|y„-(^,(2/i,...,y„_i)|'' > C inf max | - | = r-i(O))'^ 
since (yi, ?/„_i, (/^^(yi, y„_i)) G r"^(0) for any i. This proves 
Hence we have 



ai{x) 



Let i I — ^ ai + & be a bounding function for A. Then if e < K'^'^C'"', A defines an analytic 
function on the domain CK,e- Thus A defines an analytic function on the domain 'Dg^c"^,ad,ri 
for any 77 > 0. □ 

This following proposition has been proven by Tougeron in the case a — (1, 1) (see 
Proposition 2.8 [^): 



Proposition 7.3. Let a G N" and let P{Z) e C{x}[Z] be a monic polynomial whose 
discriminant is equal to Su where S € C[x] is (a) -homogeneous and u G C{x} is invertible. 
If P{Z) = Pi[Z)...Pr{Z) where P,{Z) G C{x}[Z] is irreducible m C{x}[Z], then P,[Z) is 
irreducible in Va^^^[Z]. 

Proof. Let Q{Z) be an irreducible factor of P{Z) in Va[Z]. From Theorem 15.61 there exists 
9 e C[x] a (a)-homogeneous polynomial such that the coefficients of Q{Z) are in V,/„,e. Let 
A := X^ieA g °(i) be such a coefficient where A is a finitely generated sub-semigroup of E>o- 
Since Vi,^,e C V^^^es, we may assume that S divides 6, thus A"i(0)ni3(0, e) C 6'"^(0)nS(0, e) 
for £ > small enough {B{0,e) is the open ball centered in and of radius e). 
Let 77 > small enough such that 

A^\0)r\B{0,ri) C 9-\0)r\B{0,r]) 

and the roots are locally analytic on the domain De,^ := B{O,r])\0-'^{O) C B(0, 77)\A"i(0). 
Since A is a polynomial depending on the roots of P{Z), then it is locally analytic on Dg.^. 
On the other hand, by Lemma 17.21 A defines an analytic function on the domain 2?e,c"',a,?7- 
Thus by Lemma [7^ A is global analytic on Dg ,j. Since the roots of P{Z) are bounded near 
the origin, A is bounded near the origin, thus A extends to an analytic function near the 
origin. This proves that A is analytic on a neighborhood of the origin and Q{Z) E C{x}[Z]. 

□ 



Lemma 7.4. Set C > 0, a > and 77 > and let 9 e C[x] be a {a) -homogeneous polynomial. 
Let A : Dg^ — > C be a multivalued function. Let us assume that A is analytic on 'Dg c,a,ri 
and locally analytic on Dg ^j. Then A is analytic on Dg ^j. 
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Proof. Since A is locally analytic on -De, ,7, then A extends to an analytic function on a small 
neighborhood of every path in Do.ri- If A is not global analytic on Dg^r^, then there exists a 
loop based at a point p of -De,??! denoted by ip : [0, 1] — > Dg^r; with 1^9(0) = 1^9(1) = p, such 
that A extends to an analytic function on a neighborhood of (p but A o ip{0) ^ Ao Lp{\). Let 
us write Lp{i) = (fiit), (pnit)) and let us define $ : [0, 1] x S* — > C" by 

where S := {z e C / \z\ < 1, > 0}. 

Then we have 6{^{t,s)) = s""'-^^ 6{(p{t)) ^ for any {t,s) e [0, 1] x S since lm{ip) C De,r, 
and s 7^ 0. Thus the image of $ is included in Dg^jf. Moreover, for any t e [0,1], let 
$t : S — > Dg^jj be the function defined by $t(s) ■— ^{t, s). Its image is simply connected 
since 5* is simply connected and $t is analytic. Thus Ao$f , which is locally analytic, extends 
to an analytic function on S by the Monodromy Theorem. 

Let us denote by h the holomorphic function on 5 defined by h{s) := Ao $(0, s) — ylo $(1, s) 
for any s G S. 

For any s G S* and any t Cz [0,1] we have 

Mt,s)\\a. = \s\Mt)\\a and do. {^{t,s),0-\O)) = \sK {^it),0-HO)) ■ 

Let us set 

1 . d„ {^it,s),9-H0)) 1 . do, {^{t), 9-^0)) ^ ^ 
A - mm — - mm — -— > 0. 

2te[04] \\ip{t,s)\\a 2te[04] \\^{t)\\a 

Thus for any s belonging to the domain S O {\s\ < K°-C}, we have ip{t, s) e 'Dg^ca,^]- Since 
(/9(t, s) G T^g,c,a,ri and A is analytic on 'Dg^c,a,r), then A o (^(0, s) = A o (^(1, s), thus /i(s) = 
on S n {s < K°-C}. Since /i is holomorphic on the connected domain S*, then h = Q on S. 
This contradicts the assumption. Hence A is global analytic on -De,,,. □ 

Then we can extend Proposition 17.31 to the formal setting over any field of characteristic 
zero: 

Theorem 7.5. Let k 6e a field of characteristic zero and a £ Ili>o- Let P{Z) G J-niZ] be a 
monic polynomial whose discriminant is equal to Su where 6 € k[x] is (a) -homogeneous and 
u € Tn is a unit. If P(Z) factors as P{Z) = Pi{Z)...Ps{Z) where Pi{Z) is an irreducible 
monic polynomial of Tn\Z\, then Pi{Z) is irreducible in Va[Z]. 

Proof. Let us prove this theorem when P{Z) E C{x}[Z]. If a G N", this is exactly Proposi- 
tionO If a ^ N", then by LemmaO any decomposition P{Z) = Qi{Z)...Qr{Z) in Va[Z] 
gives a decomposition in Va' [Z] for a' G Rel(Q!, q, e) for e small enough. Then we conclude 
with Proposition 17.31 

Now let us consider the general case. Let P{Z) = + ad_i(x)Z'^^^ + • • • + ao(x) be 
such a polynomial with afe(x) G J>i for < fc < d — 1. Since P{Z) is defined over a field ex- 
tension of Q generated by countably many elements and since such a field extension embeds 
in C, we may assume that C is a field extension of k and P{Z) G C[x]. 
The discriminant of P{Z) is a polynomial depending on ao(x),..., ad-i{x) that we denote by 
-D(ao(x), ...,ad-i(x)). Let 

i?(Ao, Ad-i, U) := DiAo, A^-i) - S{x)U G C[x][Ao, [/]. 

Then i?(ao(x), ad_i(x), u(x)) = 0. 

On the other hand, saying that P{Z) factors as P = Pi...Ps is equivalent to 
36i(x), such that ai(x) — Ri{bi{x), ...,br{x)) Vi 
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for some polynomials Ri{Bi, Bj ) G Q[Bi, Br], < i < d — 1 (these Ri are the coeffi- 
cients of in P{Z) and the bj's are the coefficients of the Pfe(Z)'s). 

By Artin Approximation Theorem |Art| . for any integer c > 0, there exists convergent power 
series ao,c(x),..., ad-i,c{x), Uc(x), 5i,c(x),..., 6r,c(x) G C{x} such that 

(10) i?(ao,c(x), ...,ad-i,c(x),Uc(x)) =0, 

(11) a,,e(x) - i?,(6i,c(x),...,&,,,(x)) = for < i < d - 1 
and 

aA_.,c(x) - afc(x), Uc(x) - m(x), bid^) - 6;(x) G (x)"" for < fc < d, 1 < / < r. 
Let P(c)(Z) := Z'' + ad_i,c(x)Z'^-i + • • • + ao,c(x). Then F(c)(Z) factors as 

P(,)(z)-A,(,)(z)...p,,(,)(z) 

in C{x}[Z] because of Equation (HU), and PiXc){Z) - Pi{Z) e {xY\Fn[Z] for 1 < i < s. 
Moreover the discriminant of P(^c){Z) is of the form (5(x)m(c) where U(c) is a unit in C{x} 
if c is large enough by Equation (jlOp . Since Pi{Z) is irreducible in J>t[Z], then Pi (^c){Z) is 
irreducible in J>i[Z] for all i for c large enough (let us say for c > cq). Moreover we can 
remark that Va{a) > mini{Q:i}ord(a) for any a e J-n, thus i/ct(afe.c(x) — a/c(x)) increases 
linearly with c. 

Let c > Co and let us assume that Pj (j,-)(Z) is not irreducible in Va[Z], let us say P^ (^^-j{Z) = 

P^Xc)AZ)P^Ac),2{Z) with P.^(c),l(^), ^»,(c),2(^) ^ V^^"\Z] with dcg 2 (P,,(e) ,fe (Z) ) > for 

k = 1,2. Bv Proposition [7751 we see that Pi,(^c),i{Z), Pi,{c).2{Z) € C{a;}[Z], and by Proposition 
17.71 P fZ)- Pi,(c),2(-Z^) G L{a;}[Z] where L is a subfield of C which is finite over k. Thus 
L = k[7] by the Primitive Element Theorem where 7 is a homogeneous element of degree 
with respect to I'a by Example 13.161 But we have VQ.p|k[7] = k. Thus Pi (^c),i{Z), 
Pi,{c),2{Z) e k{x}[Z] C k[x][Z] which contradicts the assumption that Pi.(c) is irreducible in 
iFn[Z]. Thus Pi (^c){Z) is irreducible in Va[Z]. Hence, by Corollarv l4.111 Pi{Z) is irreducible 
in Va[Z] since lyaiak^d^) ~ afe(x)) increases linearly with c. 

□ 

Remark 7.6. Let P{Z) S J^n[Z] be a monic irreducible polynomial whose discriminant is 
equal to Su where 6 € k[x] is (a)-homogeneous and u G Tn is a unit. Let L be a normal 

closure of ^^plz)) ^i^'cf ■ ^'^^ Galois field extension ki — > k2 let us denote by Gal(k2/ki) 
its Galois group. Then, by Theorem 6 |McC| . L.K^'j^ is a Galois extension of K^'^s and 

Gal(L/IK„) ~ Gal(L.]K^'s/]Kaig)^ 

Moreover this isomorphism is defined as follows: if ui,.... Wfc is a IK„-basis of L, then it is a 
K^^g-basis of L.K^^s. Thus if cr G Gal(L/IK„), its image ct' G Gal(L.K^^g/K^^g) is defined by 

a\AxUx ^ h AfeUfc) := Aicr(wi) H V Aka{uk) 

for any Ai,..., Ak G K,^^. 

On the other hand L.K^'^s jg isomorphic to K^'j[7i, 7Ar] for some integral homogeneous 
elements 71,.- 7jv with respect to i^a- 

We claim that K„ — > K„[7i, ...,7Ar] is a Galois field extension. Indeed, let Q{Z) G K„[Z] 
be an irreducible monic polynomial having a root z in K„[7i, ...,7jv]. Let Qi{Z) G ]K^'^g[Z] 
be a monic polynomial dividing Q{Z) in K^^g[Z] such that Qi{z) — 0. Then the others roots 
of Qi{Z) are in W^^Yfi, since K^J^s — > W^^Yli, ...,^isi] is a normal field extension. 

Thus these roots are conjugated under K^^s_a,utomorphisms of K^'s^7i, 7jv]. But the 
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conjugates of 7^ under such automorphisms are homogeneous elements with respect to z^q, 
since the minimal polynomial of 7fe over Kf}^ is (i'q , (i)-homogeneous for some d e M>o. 
In particular the conjugates of 7^ under K^^*;. automorphisms of W^^^lji, are linear 

combinations of 71,..., with coefRcients in K„. Thus the coefficients of Qi{Z) are in 
K^^^nK„[7i, ...,7Ar] = ]K„ and the other roots of Qi(Z) are in K„[7i, ...,7jv]. But since Q{Z) 
is irreducible in K„[Z], then Qi{Z) = Q{Z). Hence Q{Z) splits in K„[7i, ...,7Ar][Z]. This 
shows that K„ — > K„[7i, 7jv] is a normal field extension, thus a Galois field extension 
since char(k) — 0. 

Thus, still by Theorem 6 |McC| . we have 

Gal(L.K^if /K^'s) ~ Gal(K^if [71, 7jv]/IK^'j) ^ Gal(K„[7i, ...,7w]/K„) 

and these isomorphisms are defined in a similar way as the one from Gal(L/K„) to Gal(L.IK^'^8;/K 
If a S N" (we can always assume this by Lemma [6. 4p . then N may be chosen equal to 1 by 
Proposition 13.251 and we see that K„[7] ~ ^q(z)) ^^^^'^ Q{Z) is the minimal polynomial of 
7 over IK„. Thus the Galois group of P{Z) is isomorphic to the Galois group of one weighted 
homogeneous polynomial and this isomorphism is described as above. 

The following proposition is a particular case of a result of S. Gutkosky and O. Kashcheyeva 
|GK| (see also Proposition 1 [AMJ): 

Proposition 7.7. Let k — > k' be a field extension. Let f E k'|x| be algebraic over k|x] 
and let L be the field extension o/k generated by all the coefficients of f . Then k — > L is a 
finite field extension. 

Proof. Let a £ M>o such that dimQ(Qai + • • • + = n. By Theorem EH / G 

Vq;[(7i, 7n)] for some homogeneous element 71,..., 7n with respect to a. By Example 
13. 131 these homogeneous elements can be written as 7,; = ax^^ where Ci is algebraic over k 
and A e Q" for 1 < i < n. 

By expanding / either as a formal power series of k'[x], / — bi{x) where 6i(x) e k'[x] 
is a (Q;)-homogeneous polynomial for any i, either as an element of Va[(7i, 7n)], / = 
Si j(x'/m(') Ti^^''* ■■■7k"^^\ ^iid by identifying the homogeneous terms of same valuation (which 
are monomials by Example I3.13P , we obtain a countable number of relations as follows 

6(x)5™(x)=^a„„...,„Jx)7r...7:" 

where 6(x) (corresponding to the ^^(x)) and a„j^ „^(x) (corresponding to the ai(x)) are 
monomials, 6(x) £ k'[x], a„j_ „^(x) £ k[x], m S N, and the sum is finite. By dividing this 
equality by x^ for P well chosen, we see that the coefficient of 6(x) is in k[ci, c„] and L is 
a subfield of k[ci, c„]. □ 

We can strengthen Theorem 17.51 as follows: 

Theorem 7.8. Let a G M"q and let P{Z) G k[[x|[Z] be a monic polynomial such that its 
discriminant A = Su where S G k[x] is (a) -homogeneous and u G k|x] is a unit. Let us set 
N :— dimqi^Qai + • • • + Qa„). Then there exist 71,..., Jn integral homogeneous elements 
with respect to Va and a (a) -homogeneous polynomial c(x) G k[x] such that the roots of P{Z) 
are in ^:^k'|x][7i, ...,77v] where k — > k' is finite. 

Proof. If Q{Z) is a monic polynomial dividing P{Z) in k[x][Z], then the discriminant of 
Q{Z) divides the discriminant of P{Z). Thus we may assume that P{Z) is irreducible. 
We will consider three cases: first the case where the coefficients of P{Z) are complex ana- 
lytic with a G N", then with a G IR>o, and finally the general case. 
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• Let US assume that a e N" and that P{Z) G C{x}[Z]. By Theorem 15.61 the roots of 
P{Z) are of the form 



where 71,..., 7s are mtegral homogeneous elements with respect to i^a and Ai^ e JCa 



for any ii,..., is- We may even choose s = 1 by Proposition 13.251 but we treat here the 
general case s > 1 that will be used in the sequel. 



For 1 < i < s, let (?i be the degree of the minimal polynomial of 7i over K„[7i, 7^-1], 
and for 1 < I < s, let 7^^!,..., ji^q. be the conjugates of 7^ = 7i_i over K„[7i, ...,7i_i]. Thus, 
by Proposition 17.31 and Remark 17.61 the roots of P{Z) are of the form 

< ii < gi 



< is < Qs 



where A,^^,„^,^ e ICa^'^\ Va (^ii,...,i,7i ■••7sjJ ^ ^'^^ '"^^y is, and 1 < ji < qi for any 



Let us assume that P{Z) factors into a product of monic irreducible polynomials as P{Z) 

qs-l 

Pi{Z)...Pr{Z) ill K-a^^^ ['yi.j]i<i<s,o<j<qi[Z]- Let US Write the roots of Pi (Z) as Zj = B 



where B, e /C?''^[7ij-] i<i<s,o<j<(}i for all i. Then the roots of the other Pj(Z)'s are 



qs-l 



E/ B'i^s j where {B'q, B'^^^i) is the image {Bq, Bq^^i) by a A^q -automorphism of 

2 = 

f'^a^^^ ['yi.j]i<i<s.o<j<q^- If the roots of Pi{Z) satisfy the theorem, then we see that the roots 
of the other Pj{Zys will also satisfy the theorem since they are conjugates of the roots of 

Pi{Z) by /Ca^^'^-automorphisms of /Ca^'^'^ [7i.j]i<i<s.o<j<iji • Thus it is enough to prove the 
result for the roots of Pi{Z). We have 



( 

Z2 



( 1 Is.l 
1 7s, 2 



qs-1 

7s 1 

qs-1 
7s2 



V / V 1 7 





/ Bo \ 








\ Bq.-l J 



/ 1 7. - ... .,^-1 



Let us define M 



ys,i 

1 7s, 2 



qs-l 
7s2 



The determinant of M is a homogeneous 



V 1 7s,,. • • • ii:^:' J 

element c with respect to i/a where i'q(c) — ^qs{qs — 1)i^q(7s). Thus we have 

-Bi = i (-R.i,l(7s,l, ■•■,7s,<;J^l H 1- -Rj,s(7s,l, •■•,7s,gj2:s) 

where the Rij^s are polynomials with coefBcients in Q and Rij{'js.i, 78,93) is homogeneous 
with respect to Va- By multiplying c and i?i,i(7s,i, 7s,gj2:i H hi?i,s(7s,i, .•.,7s,qj2s by 
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the conjugates of c over k[x] we may assume that c = c(x) G k[x] is a (a)-homogeneous poly- 
nomial. The Zi's and the 7s,j's are locally analytic on -De,?? := B{0,ri)\9^^{0) and bounded 
near the origin, where {9 = 0} contains the discriminant locus of P{Z) and of the minimal 
polynomials of the 7i's and r] is small enough. Thus c{n)Bi is locally analytic on Dg_ri for 
1 < * < and is bounded near the origin. Moreover c{n)Bi is algebraic over J-n since 
the 5sj's and the z^'s are algebraic over J-n- By induction on s (we replace zi,..., Zg^, by 
c(x)i?Ovj c(x)_Bg^_i) we see that there exists a (a)-homogeneous polynomial c(x) such that 
c{n)Ai is locally analytic on Dq^^ and bounded near the origin for any i := (ii, is). Since 

c{x.)Ai G ICa^^^ and it is bounded near the origin, we see that c(x)Aj G Va^^^ ■ Thus it is 
analytic on Vg c.a.ri for C, a and f] well chosen (see Lemma [7.21) . Hence by Lemma [7.41 it is 
analytic on -De,,, and since it is bounded near the origin, c(x)Aj S C{x} for any i. 

• Now let us consider any a G K>o- Then the roots of P{Z) are in Vq[(7i, 7s)] for 
some integral homogeneous elements with respect to Va denoted by 71,..., 7s. Let us denote 
these roots by zi,..., Zd- For any a' G N" such that RcIq, C RcIq/, 71,..., 7s are integral homo- 
geneous elements with respect to v^'- Thus, for any e > small enough (say e < Eq), for any 
g e N and any a' G Rel(a, g,£), zi,..., Zd G Va'[{ji, ..■,7s)] by Proposition 16.71 Moreover, by 
the previous case, we see that 

Ve G]0,eo[, Vq G N, Va' G Rel(a,q,e), 3cq,'(x) an (a')-homogeneous polynomial such that 

Cq/(x)zi, Ca'{-X.)zd G C{x}[7i, ...,7s]. 

Moreover we see that that Cq(x) may be chosen as being the product of the determinants 
of Vandermonde matrices as M depending only on 71,..., 7s, thus Cq'(x) does not depend 
on a'. Let us denote c(x) :— Cq'(x). Since c(x) is a (a')-homogeneous polynomial for all 
a' G Rel(a, q, e) then c(x) is a (a)-homogeneous polynomial. This proves the result. 

• Now let us consider the general case, a G M"o and P{Z) G k|x][Z] where k is a field 
of characteristic zero. 

Let us write P(Z) — Z"^ + ad-i{x)Z'^^^ + ■ ■ ■ + aQ{x.). Exactly as in the proof of Theorem [73] 
we may assume that C is a field extension of k and P{Z) G C|x]]. Let us use the notation of 
Theorem 17.51 Let 

R{Ao, Ad-i, U) D{Ao, Ad-i) - S{^)U G C[x][Ao, Ad-i, U] 

where D is the universal discriminant of a monic polynomial of degree d. Then 

i?(ao(x), ad_i(x), u(x)) = 0. 

By Artin Approximation Theorem | Art j . for any integer c > 0, there exist convergent power 
series ao,c(x),..., ad-i.ci'^), Uc(x) G C{x} such that 

(12) i?(ao^c(x), ...,ad-i,c(x),Uc(x)) =0, 

and 

afc.c(x) — afc(x), Uc(x) — u(x) G (x)'^ for < k < d. 

Let P(c){Z) := Z'^ + a<j-i,c(x)Z'*"i H h ao,c(x). Then P(c){Z) is irreducible for c large 

enough (say c > cq). Moreover the discriminant of P(^c){Z) is of the form (5(x)w(c) where U(^c.) 
is a unit in C{x} if c > 1 by Equation ^T0\\ . By the previous case, the roots of P(^c){Z) are in 
^r-^C{x}[7i^c, 77V,c] where 71, c,.-., Jn,c are integral homogeneous elements with respect 
to i/a and Cc(x) is a (a)-homogeneous polynomial. By Proposition 14.141 and the previous 
cases, we may assume that the 7i^c does not depend on c, thus let us denote 7i,c by 7^. 
Moreover Cc(x) may be chosen as being the product of the determinants of Vandermonde 
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matrices as M depending only on 7i,.--, 7s, thus Cc(x) does not depend on c. Let us denote 
by c(x) this common (a)-homogeneous polynomial. 

Thus, when c goes to infinity, we see that the roots of P{Z) are in ^^C[[x| [71, 7Ar]. Such 

a root has the form ^ii,...,i„7i^ ■•■7]^ where ik runs from to — 1. In this case 

c(x)>ljj_....i„ G C|x] is algebraic over lk|x|, thus c(x)Aij_..._i„ S Ik'|x| where k — > k' is finite 
by Proposition 17.71 Thus the roots of P{Z) are in ^^k'|x][7i, ...,7Ar]. 

□ 

In the case the a^'s are linearly independent over Q, we can choose c(x) = 1. This is 
exactly the Abhyankar-Jung Theorem: 

Corollary 7.9 (Abhyankar-Jung Theorem). Let P{Z) g J-n{Z) be a monic polynomial 
whose discriminant has the form x^w(x) where (3 € N" and u{0) ^ 0. Then there exists 
an integer 5 G N and a finite field extension k — > k' such that the roots of P{Z) are in 

k'ixt...,xh 

Proof. By the previous theorem, where a G M"q satisfies dimQ(Qai + • • • + Qa„) = n, the 

roots of P{Z) are in ^k'fx^ , x^j for some /3 G N", g G N and k — ^ k' a finite field 
extension. Since the discriminant of any monic factor of P{Z) in k'|a;i , a;„| [Z] divides the 
discriminant of P{Z), we may assume that P{Z) is irreducible in k'|a;i, thus we 

assume that k' = k. 

Let z be a root of P{Z) and let us denote by NP(z) its Newton polyhedron. Then NP(z) C 
-7 + Rt^o and (0,7') > for any 7' G NP(z). Let us assume that NP(z) ^ E^q. This means 
that there exists 7' G NP(z) such that one its coordinates, let us say 7^, is negative. For 
any i G [1, +00 [ let us set: 

at := {ai, a„_i, to„), 
Lt ■.= {yeK" I =0}, 
Ht :={j/gR" / >0}. 

Then NP(z) C B\ and NP(z) (f_ Ht for t large enough. Thus there exists to G [l,+oo[ 
such that NP(2;) C Ht^ and NP(z) n Lt^ 7^ {0}. Let us write z = X]i>o -^^ where zi is a 
(a(p)-homogeneous rational fraction with Vatg{zi) = i for any i. By assumption zo ^ k. 
Let ^ = ('^1, •••,61) be a vector of g-th roots of unity and let us denote by z^ the element 
...,^„x„). Then the roots of P{Z) are the z^. In particular the constant coefficient 
a(x) of P{Z) is a product of some of these z^ (not all of them since it may happen that 
z^ — z^i for ^ 7^ ^'): a(x) — Yi^ei '^i where / is finite set. We have z^ = -^4,* '^tiere 
= Zi(^ia;i, ^„x„). If we write a(x) = X^i'^K^) where ai(x) is a (ctf ^ )-homogeneous 
polynomial, we have ao(x) =n^g/-^4,o- Thus the Newton polyhedron of a (x) (i.e. the convex 
hull of the exponents of non-zero monomials of a(x)) is the Minkowski sum of the Newton 
polyhedra of the z^^s when f G / (see |Kh| for instance). Thus the Newton polyhedron of 
a(x) is k times the Newton polyhedron of zq, where k is the cardinal of /, since the Newton 
polyhedra of the zo.j's are equal. Thus the Newton polyhedron of a(x) is not included in 
M"q since the Newton polyhedron of zo is not in ]R"q (since zq ^ k). This is a contradiction, 
hence NP(z) C R'^q. ~ □ 

Let us finish this part by giving few results which are analogue to the fact that if z G 
C{tt} for some k G N, t being a single variable, then its minimal polynomial over C|t] is a 
polynomial with convergent power series: 
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Corollary 7.10. Let P{Z) G Tn{Z) he an irreducible monic polynomial such that the dis- 
criminant of P{Z) has the form 5(x)u(x), where (5(x) is a (a) -homogeneous polynomial, 
a G ]R"q, and u(x) e J-"„ is invertible. Let us assume that P{Z) has a root in V^[(7i, ...,7^)] 
where R is an excellent Henselian local ring satisfying Properties (A ), (B) and ( C) and 71,..., 
7s are homogeneous elements with respect to Va. Then the coefficients of P{Z) are in R. 

Proof. By Theorem I7.5[ P{Z) is irreducible in Va[Z]. Let z E V^[{'ji, ...,^s)] be a root of 
P{Z) as given in the statement. We can write z = J2 Aii,...,isli' ■■■■11' where the sum is finite 
and e V^. Then the others roots of P{Z) are of the form J2 ^ii,---,is'^iliy'' ■■■'^ilsY'' 

where tr is a K^J^8;_automorphism of Thus all the roots of P{Z) are in V^, . Hence the 

coefficients of P{Z) are in vf n J-n — R. □ 

Definition 7.11. Let k be a valued field and let cr be a strictly convex rational cone of 
M" containing M"q. There exists an invertible n x n matrix M — (m^ j)i<i j<„ such that 
M7 e for any 7 e cr. We denote by kjx'^, /3 e cr n Z"} the subring of k|x^, ^ e cr n Z"] 
of power series /(x) such that /(t(x)) G k{x} where r is the map defined by 

By Example I6.13l k{x'^. G ct n Z"} is a subring of V^^^^ for any a such that (a, 7) > for 
aU 7 e cr\{0}. 

Let us mention the following theorem proven by A. Gabrielov and J. -CI. Tougeron us- 
ing transcendental methods (they use in a crucial way the maximum principle for analytic 
functions) : 

Theorem 7.12. |Ga| |To| Let P{Z) £ C|x][Z] be an irreducible monic polynomial. If one 
root of P{Z) is in C{x'^,/3 € cr H ^Z"} where a is a strictly convex rational cone and q (£N, 
then P{Z) e C{x}[Z]. 

Using what we have done we can prove a particular case of this theorem over any alge- 
braically closed valued field of characteristic zero. First we need the following lemma: 

Lemma 7.13. Let P{Z) G k|x](Z) be an irreducible monic polynomial where k is a char- 
acteristic zero algebraically closed valued field. Let a € M"q such that dimq^Qai + • • • + 
Qa„) = n and P{Z) is irreducible in Va[Z]. By Theorem \ 6.9l the roots of P{Z) are in 
k|x^,/3 e cr n iZ"] where a is a strictly convex rational cone such that {a, 7) > for any 
7 e cr, 7 7^ 0, and (7 G N. // one root of P{Z) is in kjx*^, /3 £ crfl |Z"}, then the others roots 
of P{Z) are m k{x^,/3 e crn iZ"} and P{Z) £^{x}[Z]. 

Proof. Let z E kjx-^,^ e a D |Z"} be a root of P{Z). For any ^ = (^1, ...,^„) vector of 

g-th roots of unity let us denote by the element of k{x'^,/3 G cr n ^Z"} obtain from z by 

i i i i 

replacing {xi,...,Xn) by (fiXj" , ^„a:^ ). In particular z^ G k{x^,/3 G cr n ^Z"}. Then for 

any ^, z^ is a root of P{Z). Let / be a subset of U^, where Ug is the group of q-th root of 
unity, such that 

z^ ^ z^, for any ^, e /, C 7^ 
and e U^, 3^' G /, z^' = z^. 
Let us set Q{Z) — Y\^^i{Z— z^). Then Q{Z) is a monic polynomial oiVa[Z] whose roots are 
roots oiP{Z). Thus it divides P{Z) in Vc[Z] hence, since P{Z) is irreducible, Q{Z) = P{Z). 
Thus the other roots of P{Z) are in kjx'', /3 G cr n ^Z"} and P{Z) G k{x}[Z]. □ 
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Corollary 7.14. Let P{Z) G k|x][Z] be an irreducible monic polynomial of degree d where 
k is a characteristic zero algebraically closed valued field. Let a G ]R"q such that dim/Q,{<[^ai ^- 
• • • + Qa„) = n. Let us assume that there exists an irreducible monic polynomial Q{Z) G 
k|x]][Z] of degree d whose discriminant Ag is a monomial times a unit such that 

Let us assume that one of the roots of P{Z) is in klx*^, /? G (jH ^Z"} for some strictly convex 
rational cone a, where {ol,^) > for any 7 G (t\{0}, and q G N. Then the coefficients of 
P{Z) are m k{x}. 

Proof. By Remark 14.121 and Proposition 14. Ill the polynomial Q{Z) is irreducible in Va\Z]. 
Thus we apply the previous Lemma. □ 

8. DioPHANTiNE Approximation 

Here we give a necessary condition for an element of to be algebraic over K„ : 

Theorem 8.1. |Rol|[ll] Let v be an Abhyankar valuation and let z G ]K°'^. Then there 
exist two constants C > and a > 1 .such that 

f 



9 



>C\g\: yf.geTn 



Proof. Let P{Z) agZ'^ + aiZ'^ ^ + • • • + G K„[Z] be an irreducible polynomial such 
that P{z) = 0. Let h G J-n and set 

Z 



Ph{Z) := h^at'P 



had 



Then Ph{Z) = Z'^ + aikZ"^-^ + aaOo/i^Z'^-^ ^ ^ OdOa^^h'^ and zhod is a root of Ph{Z). 

It is straightforward to check that z satisfies the theorem if and only if zhod does. Thus we 
may assume that P{Z) is a monic polynomial and v^z) > by choosing h such that ^{h) is 
large enough. Let us set Q{Zi,Z2) ZfP{Z2/Zi). By Theorem 3.1 [Rolj there exist two 
constants a> d and 6 > such that 

ord(g(/,.g)) < amin{ord(/),ord(g)} + 6 V/, g G J:„. 

Moreover, by Izumi's Theorem (Ijl^j |Re| . |ELS| ). there exists a constant c > 1 such that for 
all / G J-„, ord(/) < i^if) < cord(/). Thus 

^{QU^g)) < a,cmin{v{f),v{g)} + be yf,g £ Tn- 
Since P{Z) is irreducible in K„[Z] and K„ is a characteristic zero field, P{Z) has no multiple 
roots in Vi, and we may write 

P{Z) = R{Z){Z-z) 

where R{Z) G Vy[Z] and R{z) ^ 0. Set r := iy{z). Let f,g £ J-n with g 0. Two cases may 
occur: either 

(13) Z-- > e-'' 

9 u 

either v (^z ~ ^ > r. In the last case we have ly = > 0. In particular ^i? (^^^^ ^ 
and i^if) > v{g). Thus 

(ac - d)u[g) + bc>u{p{-] \ >v'^ 



9 J J \9 
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Thus we have 



(14) Aiy{g) + B>v 







/ 




or 


z 






9 



>e-"\9 



with A = ac — d and B = be. Then (|13p and (|14p prove the theorem. 

□ 

Example 8.2. Let a :— (—1, l)M>o + (l,0)M>o C R^. This is a rational strictly convex 
cone of R^. Let f{xi,X2) be a power series, f{xi,X2) £ k|a;i,a;2]. Let us set 

X2_ 

■ n x^l 
1=0 ^ 

Then g E Va for any a e R?,g such that a2 > ai. Moreover 

(^-9 - / - E (^) ) = + 1)K«2 - «l) = ^^^(" + ^Wix'i)- 
Thus there do not exist constants A and B such that 

. i! 

X2 



A,.^{xf) + B>,.^\^g-f-J2i^-^J j VneN. 



Hence g{xi,X2) is not algebraic over J^2 by Theorem 18. II 

Notations 

J>i :— k[a;i, x„] is the ring of formal power series over k. 

j/q, is the monomial valuation defined by Vaixi) :— a; for any i (cf. ExamDle l2.4p . 
Vi, is the valuation ring associated to v. 
Vy is the completion of Vy. 
K„ is the fraction field of Fn and Vi,. 

is the fraction field of Vv . 
GvjyVi, is the graded ring associated to (cf. Part [3]). 

Vjf is the algebraic closure (or the Henselization) of Vi, in (see Lemma 12. 9p . 
Kfs is the fraction field of Vfs, 

Vl^ is the subring of Vi^ whose elements have I'-support included in a finitely gener- 
ated sub-semigroup of R>o (cf. Definition I3.1ip . 
Kfe is the fraction field of V^s. 

A (Q!)-homogeneous polynomial is a weighted homogeneous polynomial for the weights 
Qfi,..., an (see Definition I3.18p . 

v4[(7i, 7s)] is the valuation ring associated to A[ji, ...,'^s] when A — V^, Vj^ or 
Vf^ (cf. Definition [3221) ■ 

Vi, is the direct limit of the rings Vi/[(7i, 7s)] where the 7i's are homogeneous 
elements with respect to ly (cf. Definition 13. 24p . 
Ky is the fraction field of V,^. 

is the direct limit of the rings V^^^[{'yi, ...,7s)] where the 7i's are homogeneous 
elements with respect to ly. 

is the fraction field of V^^. 

y|f is the direct limit of the rings V^^Kji, ...,^s)] where the 7j;'s are homogeneous 
elements with respect to v. 
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• is the fraction field of . 

• Va.s is the subring of Vj^ of elements of the form gm(i) ^^^^^'^ A C K is a finitely 

generated semigroup, { gmli) ) — * ^^iid * ' — ^ m{i) is bounded by an affine function 
(see Definition 15 .11) . 

• Va is the direct limit of the Vq^^'s over all the (Q!)-homogeneous polynomials 6. It is 
a valuation ring (cf. Proposition 15. 3p . 

• ICa is the fraction field of Va (cf. Definition 15.41) . 

• ICa is the direct limit of the fields /C[(7i, 7^)] where the 7i's are homogeneous 
elements with respect to i' (cf. Definition 15. 4p . 

• V^g is the subring Va,5 whose elements are in the Henselian ring R after a suitable 
transform (cf. Definition I6.1ip . 

• is the direct limit of the over all the (Q;)-homogeneous polynomials 5. 
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